


UNIVERSITATEA DE STAT DIN MOLDOVA 


CATEDRA DE ALGEBRA 


FLORENTIN SMARANDACHE 


PROPOSED PROBLEMS 
of Mathematics 


(Vol. II) 
Second edition - entirely translated to English, 2010. 


First edition published in 1997. 


Chisinau 


FLORENTIN SMARANDACHE, Ph D 
University of New Mexico 

Department of Mathematics 

Gallup, NM 87301, USA 


PROPOSED PROBLEMS of Mathematics 

(Vol. II), Second edition - entirely translated to English, 2010. 
First edition published in 1997. 

Chisinau, U.S.M, 2010; 73p. 


Peer-Reviewers 

Prof. Ion Goian and Prof. Vasile Marin, 
Universitatea de Stat din Moldova, Chisinau. 
© U.S.M., 2010 


Table of Contents 


PREFACE sidessecestcsie doceccsadewtsencostadestes cdneteeatedeagonesdaas ev -avades’sdeatssetasddedan si eestedaudsa¥ectaceat eden teiadsaddsohenstatgnes deanesgees 9 
AIVIUSING PROBLEM 54 ices ssegce yan cceey tact enw anaes veascuee cadctensecdeics va oa sabi cardey van ueebd ca hey ates vandoekes aed eden ates 10 
AMUSING PROBLEM 2 scsi. vesiicivclndebescevaneivevessncvess dusuenn sees vete sibaviesaueuvvevucvaesssdvduwyesadavensuguaveaciiuansevesevevedis 11 
MATHEMATICIANS ON THE SOCCER FIELD .u...... cee ceeeeeeesceeccccceccececececececececececececececeeeeeeeeeeeeeeeeeeeeeeseeeeeeeees 11 
AIPROBLEMPOF LOGIC is ececesisdve cescsavets coaseastsevaies ses sates san cunvacsucadesaduenstesagucisyctuusiss ay ea ecavauaessansaatevsesaseseeetseeesd 12 
WHEREIS THE ERROR Piiiscssctscredtesvecsteassaaaetsasnacinescaaaetadsagecssesaatnas csasnceassaelacsvadinedenssicesteadsead cont vastieacdeasans 12 
TEST: Equations and linear systems (VII 2rade) .........ccccccccssccceessececeessececsesececsesaeeeceesaeeeceesaeeecesaeseeeeeeeees 12 
TEST: Geometry, quadrilaterals, (VII Grad@)........c..ccccccsccesssceceessececeesececsesaeeeceessesesesaeeeseesaeeeesesaeeeseeeeeees 13 
GRADE NM cies sccezsnusecea as vegeegsasisunctyncsgpas hiaabexsceegencdadbacscbeeeaccesenccineenene saceneceuetagen shacenatemetagediynan seagees desaeeeee nen 13 
GRADE V1 vie son svt vn wed tu cw bitien ove va i nGics outa awe oun seins end dae ded aden oud bvaen oboe bas cue enn skgdessneudteenedvennvivaven oie iere eee: 14 
GRADE Vlctisciciceicsdetecs ccgetisatentsGhecdeebesiectdacce dd dcedeertiecncaetccactet traders ceichet tact cceabeadadeetacemetnemnicenniesiebaaneege 14 
GRADE VIM isssceversdeaveceutsgussadassohst ives duadhineaya act oaceaaus aoescaah oaeayoh fectanutseadeaetesaenaeseus cae caus sauhsmiasdanaaaaseedsanuanerdietas 14 
1. PROPOSED PROBLEM iin wnicvce cevcesnstvetvee ceveecsnsdveveecsedevenciivees «ti 0l'vs 000 Sune sy ivevens ed Soeedys¥evesvive ves elite adie vaueneies 14 
2. PROPOSED: PROBLE Mes: secietcccdees ected ctettreneta ceed eee dtacgcticberdaed Joncgd ca ncechcbdendceeed ncectesdendetervectdiandeGtedeeieies 15 
3: PROPOSED (PROBLEM ais cies cx ccnscseuciniaeds casveveisas cou a iauk save aha souetandasndnetasdtay hese idanhsbaeasbaclecasacacanaeeecesesdveea eas 15 
4. PROPOSED: PROBLEM ic cs coy aed seed ons adieu yams Saleit snes cag cus waenged vais fite ou ba duva une Sgevd us bade ue ey Sank vane SekiT anda enataeetanaiae 16 
5s PROPOSED: PROBLE Mvisssveivis ceetievtaceeansdeveeseescaeduacasnuteeectuviestaveinsdadewheeescewstsgseeabeesseeuatheagversteasevenveesvecnvees 16 
6; PROPOSED: PROBE szisssas xcs aviesciuvewel venvtuuei te tneeire scam dau eae dee uece ec ontencleaitaeeeectemdaeeascnied eee teievants cabeteediadeene 17 
7+ PROPOSED: PROBLEM rss ..cicesuaischet satatins tan Sda0s sacthed scttaascnddehie dndadue nedetens tet See2e sn t2dene tet aves aed cabed ded dv anaaeet ana tae 17 
8.. PROPOSED: PROBLE Miss scviccesivdss. cadvessouecessesseuaeencvnahucusdeieanscueiasseeiasnsevetecboenabuensevastesncvenstonaviesseebeecuves 17 
9./PROPOSED: PROBUE Mi iiss ssia seas aviesicaichvidl ves stuiee salicitee us Cice ta ne tei eee aici ee ae a eee ee aed ese ieee ade ee 18 
10;; PROPOSED: PROBLEM iiiics, caecssisiss ctecaceanes canecanatevceies Scneuecssevacdsdeatevevechvvecsesteeveseeereeacssecedisuyeabasanee dass eaneieres 18 
11, PROPOSED PROBLEM ccsiveteccacecncwsceeqnetcaznnnitvitennisesanete setieand vs tapetecitegasgnetenatenisngdatndtanadedtganavedmpnvegenascetges 18 
12; PROPOSED: PROBLEM 3 oceccccestieescecetteanvegiesiovdvesmededsucnvedéedon ocedcsnesedd reve Cen evesedsscenedeeseeesvedeuesidegediavasranes 18 
13% PROPOSED PROBLEM 2 vcecezi ies tees cence cee ececdedecaddens ca peeecuedne deuecsieacecercaceduncdee sanrencecaureves scsieeed eeewsuenteeactedss 19 
14. PROPOSED PROBLEM osnivcsecsecsencvacanece soagennit vader ntcetane sath tinantetapecscisegetgnatendtentsngdadedianad eaten veddenvegenascetoes 19 
15., PROPOSED: PROBLEM oocecccceediessceceteusnvegietioudvcenscetecenvsttecouccetcebesetseveesicesusesvtececesdeesuesevsTenevinensddeveunrdeds 19 
16:.PROPOSED: PROBLEM 2oscacecs ice does cecca tee cuacdeds cacdives oa tzeccid enn ded ca szugecebiusadi luca siadziae ance iced Gbemetebaawaventeveteges 19 
17; PROPOSED. PROBLE Micscteccececetcis .aiessddcciedentcdegeatsdarzeecdcasgoetsdtegeacedeas casdvecesassaeueecessvaessauaceausaupasauntavasenee 19 
18s PROPOSED: PROBLEM snisisc ies sess ocectend susie ti oztueav sedition ted tuned otachenvsiatena yah igeidestcgunsbebineiaoadabus dadeagns tgertentae 20 
19:.;PROPOSED: PROBLEM sicciceztice dices Stace tex caecdvezi te dveabapeueededns dees cbteeci cnt neeacuncded Meaceeeedeureucsavenedelentenctenceeearedds 20 


“PROPOSED PROBLEM tye ucis ci cect ei coher sch ceeeaveatsertegeuucs coches evade seuvenstececderransoagedeoeedtshesaaucbchedeuetdceudeanberene 20 
“PROPROSED:PROBLEM iiace.cicedveetwccecereencitecaa lueeeaueetes dastditaeevecusesyeuteeteags cases sseabeeteecder desedtdecepecbueerseasene 20 
PROPOSED’ PROBLEM ':. siceececes tocges chats ncc tease ite tea chad saad cad caret heb dare ck dessa selabece ck ecteaihanpetesetieetuenrghaatee 20 
wPROPOSED:PROBLEM):.iccccletcericssestcide deceevesazitersiecerieccbaataesieversaisce:tecdey autestsvadiecsaraaseduehstesiedebedeste couiveus 20 
PROPROSED:PROBLEM sisccicice Seed eccisen sta ceed vaddinenecackt fe dgabitieavedvec sect varedeeseevsett tepededes sastenteasnectucetieeeiene 21 
PROPOSED!’ PROBLEM '5ciccecececteegehcshdiet actos scatine sea chicbel Seateeced coi ie lilac ck advessscthdees cecemeatieanstehs teenage 21 
WPROPOSED:PROBLEM NS. iccccletcericesesicide sdeccevedazsversiecerteccseatdesiccereaisseetecdedttastsvadiecsansaeedurhecesiedededente coasvess 21 
sPROPOSED*!PROBLEM a. téccaceecect sas levtacs dtecied eatta techies case stuntdiacdus uasetucticy eeeuviseehoe cae¥ sev eueectts tevvcndetecediy dee 22 
+ PROPOSED:PROBLEM ' 4 gelesectcdesis ia Bee vet cece eciiteeiecacecececnuteetnegccvesssdunversaedcsvedgaeenerseceevecusuereaeadvexaceseroesedee 23 
2:PROPOSED‘PROBLEM bivscecscs cactevesied doves cacedes cates saadeteewes cacte wan codesussetceves cadeestiieteaneacd Svveisaiteyestnieaedecvencaeds 23 
“PROPOSED:PROBLEM ) a. tectases cectsecslen tees cectaet euetete Revtaotydactadeveus ude etuetsey cdeubuas oheetaey saveesvueneesduvenee@eceass cay 23 
“ PROPOSED:PROBLEM ). scsi cctedesiss seaeivatcecscnudiecitedecesveuadieutsededevssgedenenseeecess sguentrseveedesuteerteenuvenadevursusedee 23 
/ PROPOSED:PROBLEM iivsccccetcaceeves adda ves caececs cates seadeivewed caste vas iodesussebdeves codecs eteevencddvvaiesitayestsoneedecvonceete 23 
“PROPOSED PROBEEM sriicedcncetsinceesuareewens@etatuns ty corte’ cteuatans dk devon slyalueess letveduup vyaletedcetvess qdateteas Cedhoinest ost leveant 23 
“PROPOSED PROBLEM ess. cuit Sees steuaes otecxnceseavsanvededacsasechsstiededans ste dacendedvanevavedeoesderneustedecnceedetedetesensededen 23 
~PROPOSED:PROBLEM wiact, cccecees ee tevincetecgsaciematceres eenaidentateveG ieateetshd cdeeevoeetvar as eaveeusvined aber ae 24 
PROPOSED *PROBEEM ritececiecech ince stert hencnsatetaties te coated telata nt deseubevleaseess tetvediup Veale te ievess edetetnas Seuhoinest est leveine 24 
“PROPOSED' PROBLEM bass. ccuis Sees stones ote cxneeseavsanvededac asechsstiededane ste dacesdedvanevevedeoesdetneustedecnceededededesensedeeun 25 
“PROROSED:PROBLEM was. ccecee eetevtagcetecusaciematarve euaienitavegiectietihs aeeevedear ai eaeeusenet aaa 25 
- PROPOSED:PROBLEM '. cicctcnecdoceas eeceteatiecebasuieccatedvesaaSeiteesdd soeecuicihensedescveculelieniescnetuahbateeudeatevacuecuengatye 25 
PROPOSED: PROBLEM iiiiiccs sac cccaesissecas ctacedscdecstucsisveuseadetatdesdencdes dvehsecdauctasis0uhae (deiatssdstetieedeavhecestertsiaans 25 
“PROROSED:PROBLEM Wace. cccecee Satire ccteeead dem iretivesanieiier et iectiviaal areaveeene ti eaden eet eaeta an 25 
“PROPOSED:PROBLEM '3cctccecdoceas iceeentecehaseicervatedyesaasedteesds soeecustihenseiascveculelueenescnetuahhateeceeaneraceeciengaane 26 
« PROPOSED: PROBLEM bia cs sac ccceesisseuescdacedscdecstuctiuceu ts ciedatdescencdes tvschsecdenetucivedeae Geiadbadstattesteavb tecstechauseae 26 
PROPOSED PROBLEM wivclcccdeceeteae titan cctech cylucedi ochesbaes youet ace ceubuasetcatearedacoiaectuctsassevedsterbet ase cure Gen ddessat 26 
“PROPOSED PROBLEM @iicsscacecrescsediivcncesiasaieelied dusvevantitetededesesbudadarsarecsteupeuntnencesdecdpieranagevevedesvvendeees 26 
» PROPOSED: PROBLEM 2 essticcevedy edeivcsieducteteteytcicchcatiod feveletuadetatbe tustilcd veda de dea vased davededy nai sduatshstebeioletyoa clues 27 
» PROPOSED: PROBLEM discs ficecietect say tle heeceteetsivlectdi otesties sletacs chcsussetsalsavedeciseetuctiies edecdssenbetase cure heatdes seas 27 
»-PROPOSEDPROBLEM (isieeeecacecsescgdeiecncechia steele dusvevanditatededucocbudadarsarecsteupounancncecuecdpetanagevevedeevvendeede 27 
“PROPOSED: PROBLEM tess ticcevedyetvsscsdeductctgiestsGsdiaitod bowed teadeeatou hustled ved ds tea uased evedady coed sduedchstnaniebetvon eee 27 
SPROPROSED:PROBLEM ties. sect cc cheg oveuude tie detsensacans cieeetecceua cans ceases eubaldh Cetdeueduen sheurdetceredueterscits chanendarsetvelendd 28 
«PROPOSED: PROBLEM 2ieiect cz. ccceciesrgearsie ccencveatsereegexansaversseetedeaassudeteee cbtevandoegsunee cde ghencaerennededevedeusausbesveue 29 


“ PROPOSED: PROBLEM tae ucis ci ccet ica heer sch cemecdeassertegeuues ciedhas evade seuvenstececderransoagedeoeedtshes aaucbchefedetdceudeandezeeee 29 
“PROPOSED:PROBLEM wigace.coceceeetwccecereencietecac lueeeaueetes dantditaceecuscsseedeeteas cases sseabtereccdet desedtdecspecbuecrsevenseeys 30 
sPROPOSED/PROBLEM ':. siceececes tocges chetict nce ela se ite cea cheek se acee cad caret ahe i dareck edeecuselhbece ck cctea bans etesetieatueargieaays 31 
PROPOSED:PROBLEM):.cicccletcericasestcide dececvesaiterstecerieccbaateesicverssisceececdeyataestsvadiersavaaseduehstesiedebedente cousvess 31 
 PROROSED:PROBLEM i aiccictnecSoeteccisee sta cect eaddincteca ces te sgabactieavetvecsseetvarndfeeseevsett tetedsdes sartenteasnesuceeaaann 32 
“PROPOSED! PROBLEM '35ciececc cee tecgehcshdiet acta scatiereaehicbel Seateeced coi ie Gilera ceadves acthdees ceceveatuensteletheeteegiiadys 32 
wPROPOSED:RROBLEM NS. iccccletcericssescide sdeccevedazsvecstecerteccbaatdebiccecaaiscettecdedattastesadiecsessaeedurhecesiedsdedende couszesd 33 
“PROPOSED:PROBLEM } a. sfc caceecect sas evtacs dteeded eatta techies tase stunt daucdus uastueticy eeeuviseetoe tae¥ sev euecttsdevvendetecedey adat 34 
«PROPOSED:PROBLEM ' 3 gsleectcdesis ia Becee tet cece cite iecacecscecuuteetnegecvesssduaversae dese dgaeenereeceevecuiersaeadvenacesersesany® 35 
APROPOSED*PROBLEM bivacecscs caceevesied doses cacetes cates sea detvewel cacte van codesunsetdeves cadeestiieteaneacd Svveisaiteyestnieaedecvencaeds 35 
~ PROPOSED:PROBLEM ) a. tectaces cecteacsten tees cectaed ducted Revtaoydactadeveusuds etuetsey cdeubuas oheetaen savdesvueneesduvenee@ecedeyedee 36 
 PROPOSED:PROBLEM ). cis ctccesis seat vaccecsccudiecieedecesveusduevisededevasgedenensec eee gutentrseveetesuteerteenuvenadeversesedy? 37 
“PROPOSED:PROBLEM iivscsccetcaceeves adda ves caececs cates seadeivewed caste vas codesussetdeves codecs eteevenctdvveiestteyestsoneedecvonsaeds 38 
“PROPOSED PROBEEM siiicedin ters inceesuere hewens@elatuns ty cert’ ceuatans dk devs slyalueess letvedh up vyalvtedcevess adateteas Ceahonest este ean’ 39 
PROPOSED PROBLEM ass. cuit Sees steuaes ote cxnoeseavsanvededacs asechsstvededans ste dace sdedvanevevedeoeederneustedecndeedetedetesensersCen 39 
“PROPOSED:PROBLEM wiact. ccccecees ee tevtncetecgeactematcere eeuaidentatevet ieateetchs casey beetva reas eaveeugvinet abbeet year at 39 
PROPOSED *PROBEEM riteeecieccch ince scerthenensatetaties te coated telath ns dyseube vlenueess tetvediup venliee cevess cdetotnas Geuhoiest ost leveat’s 40 
PROPOSED! PROBLEM ess. cuit Sees steuaet ote cxnoeseavsantededacsasechsstvededanvste dace sdedvaneevedeoeederneusteducnceededededesenseseent 40 
JPROROSED:PROBLEM wae. ccecees eeteviancetecusaciematarvs euaeienitevetiectietihs aeeeveeear aera tase aaa 41 
“PROPOSED:PROBLEM ': ciccticcectocess ciccteatiecebaSuicercatedvebaasedteesds soeecuntihensedescveculelienies cnetuahbateeceeatevacuecaegeane 42 
» PROPOSED: PROBLEM iiss: sa dccaesissecas cdadedscdacstucsisveuseadetatdesdencdes dvgehsecdauctasoiv0ehae (deiatzsdstetieeteavhecestentaseye 43 
“PROBOSED:PROBLEM Wace. cecceceet Satire ccteeead dem irectivesanieniae a ietiviaad areaveeene dire dens eet eatraied 43 
PROPOSED:PROBLEM b3cctccectoceas aceteetiecehaseicercatedvesaaseiteesdd coeecustihenseiesevesulelieniescaetuahbateeudeanevacuecvegeat’ 43 
«PROPOSED: PROBLEM bia cs acc cceessieuescdacebscdecetacsiuceusschedatuescencdes tvchsecdauetucivedeae Geiadbadstattesteavbtecstecdaseye 44 
PROPOSED *RROBLEM wivvctcccdececteagtletezcctecs cylucedi cchesbees suetace ceubuasetcatearedacoisectuctsaesevedstertetasecuveCteatderseet 45 
=PROPOSED PROBLEM | sicssecacecrescsediietncechissateelied dusvevaniitatededesesbucatereacecsteupountnenceseecdPietanagevevedeeveesdeee 46 
PROPOSED: PROBLEM bessticcevedy edeivceieductetgteytsicdlvaiiol eveleteadvtetbe tus tiledvede date vised enededk cnel diet shstebetelsheonsied 47 
e;PROPOSED: PROBLEM ices feccciecectany tle hencctectsiulectdiotesties sletacschesussetsatsavedecoiaeetuctiie edecdssenvetase cere teatdeveues 47 
“PROPOSED: PROBLEM 0 isicesecacecsescgadetecncachiacieelied cdusvevandivategedusocbucadarsacecsteupountnencecuecdpictanagevevedeevvesdeede 48 
“PROPOSED: PROBLEM tess iieccededyetvescsieductctgiest asd vaiied fovedeteadeeatou tustiledveds dates uased evedady coe sduetghsinanteltvon cee 48 
SPROPROSED*PROBLEM ties. sect vc cheg oveude tie decsensdacans cieeetecseancans ceesaveubaldh Cetceueduen cheurdetcevedusturscite chauendertexsebedys 49 
« PROPOSED: PROBLEM 2ieiiet cz. ctceciesrgeassie ccencveatsareegexansaderbsentedsaansudetees cbtevandoegsunee cite ghencaerennededeyedeueaendervext 50 


84. PROPOSED PROBLEM teisiie cieevck scedeen sth ite ciletueaveegeqess est duatevede teavesayeatedereaeossnsyesrste shes cducuct etegrtceedeeesbennene 51 


Sor PROPOSED‘ PROBLEM yiaie fgoceceedevccservengitevess tavecabektevesud dotecatecveseuesdue begs ceseasyeatevtrecdev dasedidecsnevtbecternas ae 51 
$6:/PROPOSED PROBLEM ei iiccssecescdcces ciading si cdehia cdeweencdecie su cduecul clbvesSeeedacesicteeessatbcieeak cteaikanpetescesnesueerguaaee 51 
87,PROPOSED/PROBLEM ys. cvccccccectecsiesevse coz cctedagatinstecccdsesasausnsieccvesdecueus daksvtestonsctsedaseasedsesatesiexedeaesdecdalaeie 52 
88.:PROROSED PROBLEM yiaiiiticedceetevcteeste cecdvedteannent dit duveeb detonated ia svestea teddecseusedtt epedsdes Sagas ae 52 
$9: ;PROPOSED PROBLEM i. sicceseciccdeceheiidingsiadehasecdnwe.ncdbeieadecdvecat coice high dices cadeeessalbcheececcveatbuapecedetbeeteeeeguaates 53 
90; (PROPOSED/PROBLE My cvcccccceciecsiesuvdecdozcctedadaesestececésesasausrsiecceesdecusue dadsttextonusteccaseasedsesscesieiesedceéecdalvest 53 
91... PROPOSED: PROBLEM. stcctacecectavschsstace eecdas caante caches e¥eausdtedtes ase step tacs cheese vtec caev cou daevactes devvendetectdey eat 54 
92. PROPOSED: PROBLEM is cecerccteveciccn Mauuetsceswcdstevsenteecevecastevsansddesssgdveuteetcecvsesaientvetcesvocustereseatve vedesuevastese 55 
93. PROPOSED PROBLE Misiticcssscectesesscdseuvs cecedes cadesutadedecvod cae tewencodevasedceves cadeoasSubten veacd dvedsuiteyesieonsedenvessaade 55 
94. PROPOSED:!PROBLE Mi. ctsctceucactavsstentacereetaes cantare cteveasvedactadeceusnte ste tdey dechnas sleeteey ccveasvannes stvvendeteceasyedes 56 
95.- PROPOSED: PROBLEM) weccdicctececisasecesieececenwcedtevseecevectevevecveangedeusapelbatevtcec su sguvhatriedestoueduerdhesivenedestrsesetse 57 
96:-PROPOSED:PROBLEM iiiticcssscctevessedecuetccececs cadeeutacbdecved sae tewencodevaseed deve cadeoasSGeieaveacddvessuiteyesiscneedeavessaeds 58 
97.,.PROPOSED*PROBUE Ms tcteseictecemeeveueteteeeaeitet<tuesitedtetetcehadu note cevetsbalssan’ leteethanteehetedcevess adebetend de dhoieest ove leveaur 58 
98. PROPOSED! PROBLEM ices. scczt Feats ctegees cts evecedeavennvededeeussedusatvete deus sdeuectededsanevedatacusdeteeustsdunnddedetudedeeresedecer 58 
99. sPROPOSED PROBLEM ytttecccicees vccteeven cute cead clvvtbekteresuienteciecvetisestieteascbeowvedsiei nas eeseeaseibe eae 59 
100: "PROPOSED: PROBLEM vtec cciciassssvesstvet teneteesiederstyeetedtetetersepesseatieerersleradubateetstetiubadal ered ansvevse devtveetents 59 
10T.-PROPOSED-PROBLEM i ieccec tes setesze sens cictieecvesteactovedssuatech caus cvetuutaredeeeesedvenevededasussedueniic Conedvsdete@eneststereaes 60 
102:-PROPOSED: PROBLEM jice. ccccceesedecteveraactecacceceessycueeeveugiceedeyectseGecetevecnd clveiliceeevvesguavectecesetueadbenstevuekseets 60 
103; PROPOSED! PROBLEM sicctecscidevsasstcccanstadeecskidereeleiveieebicceveds Gugleedchecwegeduecatdtverselqatuvelectesudnaal cauteeigaiedce 61 
104:,/PROPOSED: PROBLE Misecss ci.2 oii ccieasectasevassocetecsisseuaccdotssdeedssehneateehéntdauekacaisdessatieiederdsietiaciostbaaessestanetia 62 
105;,PROPOSED: PROBLEM 3 cv... tic coe elecdevennacdeeacg iSeenavcateetenguceesavectuececehevycsfeaetetheersuvoaieevechceeseavedeeusteveeaecess 62 
106; PROPOSED! PROBLEM wicctccscidesccsctcccenstadeecehideceeleivetesicceveds siugtecadheaseiguduecataiuenvel cadve iaveceseael cautevueaiaecs 63 
107; PROPOSED PROBLE Miseces occa si0scciecieciaaevassoaetecsisouanctoaesdeetsaeseahecséucdagauarsiicdesstdedagrdcdetsestsadiaassaeateneded 64 
108 PROPOSED:PROBLEM wetsccucd. ectecetcccnvevtectucedecsas wteatsinn ecgetars otieltcecdabasssQucsizcetectie’ sdvedae ccesnnoe ven ctedtuereets 66 
109;. PROPOSED: PROBLEM i itvsecciccuseteceveevadecetencdceteahsdectetaedcausapedseenedeeeteadecslantedeesreagecueeteccssueoudedatesuveedeers 66 
110; PROPOSED:PROBLE Miveeccscds ctetarbaclecteds dastetecteiieed favtctyctsiviei dasces Myoisiedieis col dseie i aeledecavistelaeheteaacives 67 
TTT. PROPOSED:PROBLE MM) ecece. ac ciusovebe ceceeantausadeti wavy ebede secede rpcyausdelvensdelieredunaddeieds tien, duuiedeshensh dqustetedeas duets 67 
1172.-PROPOSED :PROBLE Mii vcecaticsesntecertevacesvinwarceleatstesutaedctncenetsdeunedesvreadecstenkcdestrvagedgecteccssecbuvededesutvedeers 68 
113; PROPOSED:PROBLE Mivesteccseds cietarbaclendeds destetectaatielseaebetyctstsibictarced ceyoisdettunnced teyouetecdcaedyedehetebebetaoastece 68 
T1435 PROPOSED: PROBLEM. eveccteccvus evens fetielatsesadeceescveleedecentecutpeyeudetveedetvebadansddeiedetceyadubdnes chun selgnibess seuieletis 69 
TT5<PROPOSED PROBLEM iiss cc. steecvesescasciestsocveateececveuseauiestenesetrivacededeessdesveadergetnes siedheuededennavsdayeGaees stegtere 69 


116PROPOSED. PROBLEM wives ceases cvattens ctestvecndateccecdeyeutaiestck cpagey aos eredoevaseiveatesdedessebeshetedectdeevesageeaicorstlegters 69 


117.: PROPOSED: PROBLEM} scesqecidtecvucterressabeseet deessal cat de Gecgedenseyecgelecnetdvvensuaseeit cab evseusdiueanedetetvedabekeeueeeectass 70 
TT3.;PROPOSED’ PROBLE My sestcc ies coveuhecadecteccdeesscadeeses sludtegokecdecibatu lens cendevgicadvececeuetigaticdvestaates sbeusdatudagaiedee 70 
1179: PROPOSED‘PROBLE Merk ic ciaceuscsccueds Gedseecsaiatecsdvsdsneartecheestsaesde diceeds Gajauinalececiecsasatetddesrecanecntdecssn denies 71 


PREFACE 


The first book of “Problémes avec et sans ... problémes!” was published in Morocco in 
1983. 


I collected these problems that I published in various Romanian or foreign magazines 
(amongst which: “Gazeta Matematica”, magazine which formed me as problem solver, 
“American Mathematical Monthly”, “Crux Mathematicorum” (Canada), “Elemente der 
Mathematik” (Switzerland), “Gaceta Matematica” (Spain), “Nieuw voor Archief” (Holland), etc. 
while others are new proposed problems in this second volume. 


These have been created in various periods: when I was working as mathematics 
professor in Romania (1984-1988), or co-operant professor in Morocco (1982-1984), or emigrant 


in the USA (1990-1997). 


I thank to the Algebra Department of the State University of Moldova for the publication 
of this book. 


AMUSING PROBLEM 1 


1. 


On a fence are 10 crows. A hunter shots 3. How many are left? 
(Answer: None, because the 3 dead fall on the ground and the rest flew away!) 


On a field are 10 crows. A hunter shots 3. How many are left? 
(Answer: 3, the dead ones because the other 7 flew away!) 


In a cage are 10 crows. A hunter shots 3. How many are left? 
(Answer: 10, the dead ones as well as the live ones, because they couldn't fly 


away from the cage!) 


10 crows are flying of the sky. A hunter shots 3. How many are left? 
(Answer: 7(finally!), the ones which are still flying, because the 3 dead fall on the 


ground) 


(“Magazin”, Bucuresti) 
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AMUSING PROBLEM 2 


Let ABC a triangle 
1. Find the aria of the bisector of angle A. 
2. Determine the length of the intersection center of the bisectors. 


Solutions 


1. Aria =0 
2. The length = 0 


MATHEMATICIANS ON THE SOCCER FIELD 


In a group of four teams of soccer at the end of the tournament, the grid looks like the 


following: 
Team A ) 1 2 0 3-1 4p 
Team B 3 1 2 0 4-3 4p 
Team C 3 0 2 0 2-2 3p 
Team D 3 0 1 2 0-3 Ip 


Find the result of all the disputed games in this group (logical reasoning), knowing that 
for a victory a team gets 2 points, for a tight game it gets 1 point, while for a defeat no point. 


Solution 
We establish that: 
Team C has only null games: 

C-A=X,C-B=%X,C-D=X 
Team D has only two loses: 

A-—D=1,B—-D=1 
The left game: 

A-B=xX 
Because both teams are without ant loses. 
A has +2 point, therefore 4—D=2-—0 (and not 3-1 because D didn’t score at all). 

Similarly B— D = 1—0, from where C- D= A—0. 
By eliminating these cases we can put together an ad-hoc classification as follows: 
A 2 0 2 0 1-1 2 
B 2 0 2 0 3-3 2 
C 2 0 2 0 2-2 2 
Then 
1-1 


0-0 
A-B= a or, it results that A-C= = or 
1-1 0-0 
Further more 
3-3 
a 


2-2 
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But B—C 3-3 because C scored at least 2 points. The first assessment fails, it 
remains only that: 


A-—B=1-1,A—C=0-—0,B—C=2-—2 (unique solution). 


mn? 


[“Gazeta Matematica’”’| 


A PROBLEM OF LOGIC 


Four people 4,B,C,D are called to court. 
When the judge asked: “Who is the guilty?” each of then answered as follows: 
A: Lam not guilty. 
B: The guilty one is C. 
C: The guilty one is D. 
D: That’s not true what C said. 
Knowing that only one person answered correctly, who is the guilty? 


Solution: 
A 


WHERE IS THE ERROR? 


The person X took his vacation of 20 working days starting with the date of December 
10, 1980 inclusive (Wednesday) (the non-working day being Sundays, respectively January | 
and 2 J 1981). In the mean time, a state decision declared the day of January 3, 1981 a non- 
working day, and the makeup day for this would be January 18, 1981. 

The person X comes on January 5 to work and also works on January 18 (Sunday). How 
many vacation or make up days has X to take? 


Solution 

26 days — 6 holidays = 20 working days. 
Because January 3 was declared a free day, it results that X took only 19 working days from his 
vacation, therefore he is allowed to an extra day from his vacation. Working also on the day of 
Sunday, January 18, he must take another day (to make up for this Sunday)). Therefore X has to 
take 2 more days of vacation. 

Where is the error? 


TEST: Equations and linear systems (VII grade) 
Solve the following equations and linear systems: 

1) 2x = S=2 =5x 

2) —6x+7y=8 
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1 
are 
3) ; 
eee 
3 4 #5 
a) substitution method 
b) reduction method 
c) graphical method 
poo 
4) 
as 
—+-=0 
3 4 
—15x-—25y =35 
5) ‘ 
3x—S5y=7 
2 + 3 —4 
9 134 
te mere 
eee 
7) How many problems of mathematics did Ionescu and Popescu resolve, from the 


algebra book for grade VII knowing that: If Ionescu would have resolved yet other five problems 
would have reached Popescu, and if Popescu would have resolved yet other five he would have 
pass Ionescu three times. 


mx+y=0 
8) 

x+my=1 

Discussion. 


TEST: Geometry, quadrilaterals, (VII grade) 


1) Find the angles of a rhomb knowing that the side is 4 cm and its area is 8/2 cm’. 

2) Let a parallelogram with the sides of 6 cm and respectively 8 cm, and the height 5 
cm. Determine the parallelogram’s angles and the angle formed by the height with a diagonal, 
and the angle formed by the diagonals. 

3) Show that the aria of a rhomb is smaller than the aria of a square having the same 
side. 

4) How many circles of a ray equal to 1 cm, at most, tangent among them two by 
two (or tangent to the sides) can be inserted in a square with the side of 10 cm? Yet, how many 
right isosceles triangles with the right side of 1 cm (which should have at most a common side)? 


GRADE V 


Any natural number greater than 3 can be written as a sum of prime numbers. 
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Solution 
If the number n is even, then n = 2k , k>2, and it can be written n= 2+2+...42. 
$$ 


k times 
If n is odd, it result that n = 2k +1, k >2 and it can be written: n =3+24+2+...42 
k times 


(k >2 always because n > 3). 


GRADE VI 
a) Any set included in N has a minimum? 
b) Any set included in Z\N has a maximum? Generalization. 


c) Find three sets A,B and Csuchthat CC A, CCB and CC A\B. 


Solutions: 

a) Not any set included in N has a minimum. For example, the empty set 6c NV, but ® 
does not have a minim (does not make sense to say that a null set has a minimum). It is to be 
emphasized that any M + ® and MC Z\N hasa minimum. 

b) Not any set included in Z\N has a maximum. Similarly, ®c Z\N, but ® nu are 
maximum (it doesn’t make sense to say that © has a maximum or not). Similarly, any set 
M +® and M CZ\WN are maximum. Generalization: Let M o set; not any set M,C M hasa 
minimum and not any set M, C M has a maximum, for any /. 

c) If ADC and BDC then A\BDC only if C=®. Therefore the three sets are: any 
A,B,and C=. 


“Mugur Alb”, Revista Scolii Nr. 19, Clasele I-VIII, Bacau, Anul VI, Nr. 3-4-5, 1985-87, p.61. 


GRADE VII 


What number smaller than 100, being divided by 4 gives us the remainder 7, =1 and 


divided by 3 gives us the remainder 7, = 1? 


GRADE VIII 
Find the numbers which divided by 52 give the result 3 and the remainder 7, >1 and 
divided by 43 give result 3 and the remainder 7, . 


1. PROPOSED PROBLEM 
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Show that the last digit of the number 4 = 1981" + 19827 +....+1990”" is the same with 
the last digit of the number 4 = 1191" +1992” + ....4+ 2000” 
[“Gamma’”, Brasov, Anul 8, Nr. 2, Februarie 1986] 


2. PROPOSED PROBLEM 
Grade VII 


How many whole numbers of three digits divided simultaneously to 20, 50 and 70 give 
the same remainder? 

Solution 

The LCM of the numbers 20, 50, 70 is 700. For any remainder r € {0,1,2,...,19} there 


exists only one number of three digits 700+ 7, which divided by those three numbers give the 


same remainder. 
Obviously we cannot gave a remainder >20. In total, therefore, we have 20 numbers that 
verify the problem: 700, 701, 702,...,719. 


3. PROPOSED PROBLEM 
Grade VIII 


2n+l n+l 


Show that if p> — p,—2p, =0, then p;"*'+ p%"' is divisible by p,+p,, p,, p, EN*. 
Solution 


2n+l ntl 


Po TP 





=p,(pi) + pap) =p,(p) — P,P — Pps + Pps = 
n—1 


=p, (er) ~ pi]+ (p, + P2)= Pipi ~ p,)|(e*) +(pi)" yt t 


n—1 


+ pint? + pr" ]+ pi(p.+ Ps) = pilpr+ Pa)|(P) +(p?)"* py +-.4 


2_.n—2 


+ pipy? + py'|+pi(p,+p,)- 
We observe that we can factor p, + p, and the problem is solved. 


Observation 
Prove that Cg +(6)"" is divisible by 10. 


Proof: 
We note p,=4,p,=6, we observe that the relation is __ verified: 


P, — p,-2p, =16-4-12=0. 
Prove that 2*”*'+ 1 is divisible by 3. 
Proof 
We have p, =2,p, =1 and then p; — p,-—2p, =4-—2-—2=0 
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4. PROPOSED PROBLEM 
Grade VIII 
Find the remainder of the division of A=xxx,+yyo,+ zzz, by z, knowing that 





AtlS yy bez 


Solution 
yyo ,:Z 
XXY , + ZZZ, =xy +aytetz—v+z—-v+z 








Therefore 
A=x(y?t+ytl)=(z-2)(2 -22+1+2z-1+1)=—2(modz). 





5. PROPOSED PROBLEM 
Grade VIII 


Determine how many numbers different of zero, with an odd number of digits, which 
added with their images from the mirror gives a number who’s digits are identical, show that 
these digits cannot be other than 2, 4, 6, 8. 


Solution 
Let 
A=k,10"'+k,10"°* +...+k,_1l0+k, 
n odd, ken. 
We note iA the mirror image of 4. Then 
iA=k,10"' +k, 10° +...+k,10+k, 
A+id=(k,+k,)10"'+(k,+k,_,)10"? +...4(k,, +k,)10+(k,+k,) = 


=k10"'+k10"7?+..4+k10+k, k=0.9 





Then 
k,+k,,=k 
(*)}. 
a aR ies) Se 
ae ea 
Then 
=k, EN k=09 
he ru 














Therefore k cannot be but 2, 4, 6, 8 and then &, cannot be nut 1, 2, 3, 4. 


a 
From the system (*) we observe that for a fixed &, the determination of any digit from 
p implies also the determination of its mirrored image. Ones established the ‘iy , there 
= S141 

2 2 
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exist A+ 1 possibilities for find k,, and for every k,,, found there exist & +1 possibilities to 


2 








i 


find k, etc. 


nh 


Therefore for the obtained number to remained with an odd number of digits, for a fixed 


k, we must eliminate from the (k + IE numbers, those that start with zero and which are in 


total (k + ner 
Therefore we find that the number is 


> (+E (+418, 2 odd 


k=2,4,6,8 


Observation 
We noted with |x] the whole part of the number x. 


6. PROPOSED PROBLEM 
Grade VIII 


a) What number smaller than 100 divided by 4 gives us the remainder 7, =1 and divided 
by 13 gives us the remainder 7, = 1? 

b) Find the numbers which divided by 42 give us 3 and the remainder 7, > 1 and divided 
by 43 give us the remainder 17,. 

(“Gazeta Matematica” Anul XCIII, Nr. 5-6, 1988, p. 241) 


7. PROPOSED PROBLEM 


Show that 
F =11'+22? +33? +444 455° 
cannot be a perfect square 





Solution 

F2=1+44+7+4+6+5 = 3(mod10), 
That is its last digit is 3 and it is known that there is no perfect square number that ends with this 
digit. 





8. PROPOSED PROBLEM 


Grade VIII 
What number, smaller than 100, divided by 4 and 26 would give the remainder 1? 


Solution 
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The LCM of The numbers 4 and 26 is 52. 
52+1= 53 is the number that satisfies the requested conditions. 


9. PROPOSED PROBLEM 


A student deposited at the bank the amount of 800 Lei. After how many years he’ll have 
an amount of 926,10 Lei, knowing that the interest is 5%? 


Solution 
In the first year he’ll have F800 Lei. In the second year he’ll have 


n 


2 
ey) ae -800 ze ‘800 Lei. In general, after n years, hell have a -800 Lei (it 
100 (100 100 100 


results by induction). 
Therefore ta -800 =926.10; from this, using the logarithm function, we obtain that n- 


3 (years). 


10. PROPOSED PROBLEM 


Grade VIII 

Prove that if the product of n positive numbers is equal to 1, and if their sum is strictly 
greater that their inverse, then at least one of these numbers is strictly less than 1. 

( A generalization of the problem 0:5 GMB 6/1979, p. 253) 


11. PROPOSED PROBLEM 
Grade VIII 


Show that any natural number greater than 1 can be written as a product of prime 
numbers. 


Solution 

Certainly, in conformity with the canonical decomposition, any natural number is equal 
with a product of prime numbers. 

If the decomposed natural number is prime, then the product has only one factor. 


12. PROPOSED PROBLEM 
Grade VIII 
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During a sport competition of free style wrestling a team member competes with each 
team member. At the end of the competition the result showed that each member won over three 
other members. How many members where in the team? Generalization. 


13. PROPOSED PROBLEM 
Grade VIII 


On the three concurrent sides of a cube we take three points M,N,P different of the 
vertexes. 

a) Show that the triangle MNP cannot be a rectangle 

b) In which case the triangle is isosceles? 

c) In which case the triangle is equilateral? 


14. PROPOSED PROBLEM 
Grade VIII 


Give the parallel lines (e) and (f), intersected by other lines (d,), i=i,”, in the points 
A, respectively B,. In each A, we construct the two bisectors of the interior angles which 
intersect in C,, and C,, with the other two bisectors of the interior angles constructed in the 


correspondent point B,. Then, all points C,, and C,,, i=i,n are collinear. 


15. PROPOSED PROBLEM 
Grade VIII 


Let b the LTG of the numbers a,,a,,...,a,. Sow that there exist the whole numbers 
K,,K,,...,.K, such that a,K,+a,K,+..+a,K, =b 


16. PROPOSED PROBLEM 
Grade IX 


Show that a logical sentence is equivalent to its dual if and only if this sentence is a 
tautology, or contains logical operators (at least the negation) 


17. PROPOSED PROBLEM 
Grade IX 


Let the logical sentence 
A(>,A, V5)! (pS Q)VR Aw AR, O7(R, AAR, ) > OAP. 


Transform A ina logical sentence equivalent B(=,A,V). Analyze A and its dual B. 
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18. PROPOSED PROBLEM 


Find the sets A,B,7 that simultaneously satisfy the relations: 
C, (AUB) = {7,8,9} 
C,A= {4,5,6} 
T C {1,2,3,4,5,6,7,8,9} 

(“Gazeta Matematica” Anul XCIII, Nr. 5,6, 1988) 


19. PROPOSED PROBLEM 


Consider the number n = xx...x, where x,m€ N, m>1. Prove that if the number n is 


m times 


prime, then x =1 and m also is prime. 
Solution 


If x #1, then n is divisible by x, therefore n is not any longer prime. 
If m is not prime, let p-¢g =m where p,q ¢ {1,n}. Then nis divisible by 11...1, then 


p times 


again it is not prime. 


20. PROPOSED PROBLEM 


Prove that if x° —x—2y=0 then x°”*'+ y”""' is divisible by x+y, where x,yEN*. 


21. PROPOSED PROBLEM 


If the set of the solutions of an equation is symmetric in rapport to two given variable, 
then the given equation is also symmetric in rapport to these variables. 


22. PROPOSED PROBLEM 


Determine x and y from the relation 1433/,, +17,,) 


3xy5 ax = f15F90 6) + 2anl26D7 ay Aaa) 


23. PROPOSED PROBLEM 
Grade IX 
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Find the sets A,B, knowing that these are non-empty and 
a) AAB=(A\ B)U(B\ A) = {12,3} 
b) {1,2} CA 


Solution 
Because {1,2} C A it results. 


1) Let 36 B>3¢ A. Then A={I,2} and B={3}UC, where C isa set with the 
property {1,2}0C=6. 

2) Let 3€ A>3¢B. Then A= {1,2,3}UC and B=C, where C isa non-null set 
with the property that {1,2,3}1C =. 


24. PROPOSED PROBLEM 
Grade IX 


Solve the inequality 


Ax? = 19x 13> 5 y 
x°—3x+4 





Solution 
We note t=x* —3x+4>0, because A, <0. 


We have 41-327 or 4¢° —3t-7>0 


— 34vi21 | 


13 
8 


AIA 


—|l 
: 7 Nee : 
And because ¢ > 0 it results that ¢ > rt hence 4x* —12x+9>0 which is obvious. 


Therefore xER. 
25. PROPOSED PROBLEM 
Grade IX 
Find the necessary and sufficient condition that the following expression: 
E(x) = Soa, Gam) +b, a,,b,bER, for 1<i<n 
i=l 
to accept extremes (solution without derivatives) 
26. PROPOSED PROBLEM 
Grade IX 
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Resolve within the natural set the following equations: 
a) 24= 37 =6 
b) 9x +3y+7z=25 


Solution 
x=3t+3 
a) 
y=2t, te Nn 
has been obtained from the general solution in Z for the associated homogeneous equation: 
2x —3y = 0, to which has been added the smallest particular natural solution. 


b) Resolved in Z gives the general solution: 
x=k, 
y =3k, + 7k, +6, k, EZ 
z=2k,+3k,+1, k,€Z 


Because 0< x <5, k,, traverses the set {0,2,3,4,5}, therefore we have the solutions: 


0) (1) (2) (3) [5 
6|,)2},)5],}1],}0 
1} {2} (0) (1) (0 


in N° 
27. PROPOSED PROBLEM 


y —x’-2x=1 
x+y? +2x+2y+2xy+1=64 


Solution 
y?—(x+1) =0 or (y—x—-1)\(y+x41)=0. 
Substituting y =-£(x+1) in the second equation, making the notation « = +1. After all 











calculations we obtain 
y=e(x+1) 
(ane + 2(1+e)x+(-3l+e¢)=0 
If ¢ = —1, the system is impossible 
If ¢ = +1, it results from the second degree equation in x that 


4 
Xo= | , from where y,, = | , that constitute the solution of the given system. 
=) —4 
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28. PROPOSED PROBLEM 
Grade IX 


Let 6, and b, two numeration bases. Determine all values x for which x, = x, 


29. PROPOSED PROBLEM 
Grade IX 


Find an algorithm which will determine the direct conversion of a number from base 5, 


to base b, (without going through base 10) 


30. PROPOSED PROBLEM 
Grade IX 


Show that any quadrilateral can be transformed in an inscribable quadrilateral by 
eventually swapping the sides between them. 


31. PROPOSED PROBLEM 
Find which regulate polygons that have the perimeter p and the circle with the length p 
have the bigger area? 


32. PROPOSED PROBLEM 
Grade IX 
Construct with only the ruler and the compass the number Vn, where ne N. 


33. PROPOSED PROBLEM 
Grade IX 


If F’ is the intersection of the diagonals of a quadrilateral inscribable, ABCD then: 
AF _ BA- AD d BF _ AB-BC 











1) ——— and —~= 
CF BC-CD DF AD-DC 
2) sin Asin B = sin o sin eo + sin eG sin oe 
2. 2 2 2 


34. PROPOSED PROBLEM 
Grade X 


Solve in whole numbers: 
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24x+13y+7z—-6u=14 











Solution 
Fe cis acc) aL So ey Sr Riv TAaleg 
6 6 
= y+z—2 ; 
Let 2aRS — y=6p—z4+2 and u=4x4+13p—2z+4+2, with p,x,zEZ 


35. PROPOSED PROBLEM 
Grade X 


The equation x"+ y" =x+y,n€N,n>2, does not have whole nontrivial (different of 
solutions x,y € {0,1}, or x =—y and n odd). 


Solution 
If n is even then x” > x, y" > y from which x"+ y" >x-+y, having equalities only for 


xX,VE {0,1}. 
Let n odd. Excluding the trivial cases x =—y €Z or x,y € {0,1}, we have that x,y <0 
let x >0 and t=—y>0. Therefore x" —x=t" —t, with xt; if x >t+1, evidently 


(t+1)" —(t+1) >t" —t and similarly when x <t—1. 


36. PROPOSED PROBLEM 
Grade X 


Given F(x) =3-+ —. Determine the intervals for which F’ is bijection . In this case 
x 


determine F''. 


Solution 
Evidently 0 ¢ D,, = the definition domain for F . 


4 4 
Let R,y =3+-—. It results that x =—-——yeER, then y#3. 
x x 


Therefore F': R* + R\ {3} is bijective: x, # x, > F(x,) = F(x,) because 
4 4 bade tton ds — 
3+—=3+-—, therefore F is injective; let y€ R \ 135 there exists x = —_ € R* such that 
x, x, akc 
F(x)=y, thatis F is surjective . 


4 
Therefore F accepts inverse and F-': R\ {3} R*, F (x)= ae 
—x 
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37. PROPOSED PROBLEM 
Grade X 


Show that if a and b are coprime then 
ar Ol 4 BPO = a + b(modab), where vy is Euler’s indicator. 


38. PROPOSED PROBLEM 
Grade X 


Let a regular tetrahedron ABCD with the side a, sectioned by a plane y. Find the 
section’s form and its area when a passes through: 

a) the middle of the sides BC, BD, AD 

b) the middle of the sides AB, AC, AD 

c) the middle of the face BCD and is parallel to AD. 

d) the middle of the faces ABC, BCD, CDA 


39. PROPOSED PROBLEM 
Grade X 


Let a quadrilateral regular pyramid VABCD with the side a and the height/ , sectioned 
with a plane a’. Find the section’s form and its area when a passes through: 

a) A and the middle of the sides VC, VF . 

b) the middle of VA and is parallel with BC 

C) the middle of VA and is perpendicular on BC 

d) A and is perpendicular on VC 


40. PROPOSED PROBLEM 
Grade X 


Let a hexagonal regular pyramid with the side a and the height / , sectioned with a plane 
a . Find the section’s form and its area when a passes through: 
a) A and the middle of sides VC and VF 
b) BF and is perpendicular on VD 
C) BF and is parallel to VD 
d) The points M,N,P such that 
VM _1 VN 2 VP _1 
MB 2° NC 3° PD 





41. PROPOSED PROBLEM 
Grade X 
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Let a triangular regular prism with the side a and the height h, sectioned with a plane w 
. Find the section’s form and its area when a passes through: 


a) the middle of the sides 4A', BB',CC' 
b) the middle of the faces ABC, BBC'B', ACC' A' 
c) the middle of the base 4'B'C' and the side AB and is parallel with the diagonal 
A'B 
d) A and is perpendicular on the side B'C' 
e) M,N,P. such that: 
AM 1 BN _2 CP _ 3 


MB 2° NC 3° PC' 4 





42. PROPOSED PROBLEM 
Grade X 


Given a cube ABCDA'B'C'D' of aside a, sectioned with a plane a. Find the section’s 
form and its area when a passes through: 


a) the middle of the sides AA',BC,C'D' 
b) the middle of AB and is perpendicular on the diagonal AC’ 
c) the side AD and parallel BD' 
d) M,N,P such that: 
AM _ ) CN _, D'P 


MB ~~” NC' ~~” PA’ 








=4 


43. PROPOSED PROBLEM 
Grade X 


Prove that points of coordinate (k —n,k,k +n), for anyk, and —k <n <k belong to the 
same plane that passes through the origin of the axes. 


44. PROPOSED PROBLEM 
Grade X 


Let a function /f derivative on [—a,a] and with the derivative having the sign constant 
on this interval, where a = sup f(x) when x € D,, and |—a,a] C D,. Show that the sequence 
defined by x,,, = f(x,), with x, €D., n€ N, is convergent. 


45. PROPOSED PROBLEM 
Grade X 
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Compute 
lim lim 2448 (G18 (4, x18((4,_*#8(4,%)).~) 


NW N00 XxX 





knowing that (a, )n € N * is sequence of real numbers, with the property that at a certain rang all 


the terms of the sequence are in the interval [—1,+1]. 
(In connection with the problem 18038, GM 12/1979, p. 480) 


46. PROPOSED PROBLEM 


Using the Euclid algorithm, compute LTG of n numbers using a program written in 
FORTRAN. 


47. PROPOSED PROBLEM 
Grade X 


Determine the expression E(n) = $6.6" to be divisible by 25 
k=1 


k 
Solution 
E(n) = 36+56+ 56+...+56 = 56n — 20(mod 100), because 





k-2 
Therefore 56n — 20 = 0(mod 25), that is 6” = 20(mod 25) , or3n =10(mod 25), from 
which n=10-37' =10-17 = 20(mod 25). 
n €{25k + 20,k € Z} 


2 
626. = [6..000+- 66 = 66° =56(mod100), k >3 
a al eS 


48. PROPOSED PROBLEM 
Grade XII 


Find the remainder of the division by 493 of the number B = 1971! + 0°” 41°" 


Solution 
B = ( 0 ie Q!?? 1?” = 0 (mod 493) 





49. PROPOSED PROBLEM 
Grade XII 


Solve : 2x+3y+2z = I(mod 4) 
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Solution 
(2,3,2,4) =1|1 then is congruent and has solution: 1-4°-' =16 distinct solutions. 
Resolved in whole numbers the equation 2x +3y+2z—1=4f gives: 


x = 3k, —k, —2k, —1= 3k, +3k, + 2k, + 3(mod4) 


y=-2k, = 3k,+1(mod4) 
z=k, = k,(mod4) 
For any 4, €Z, k, parameters 
3k, + 3k, +3 3k, +3h, +1 
k= 0 >| 2k, Le dy SS 2 ae 
k, k, 


Obviously for 4, = 2 and 3 it result similarly, and we don’t compute it. 
3k, +3 3k, +1 


k,=0=> +1], +1 
k, k, 
3k, +2) (3k, 

as S's 3 
k, k, 


k, =0,1,2,3> 


FP ON FFF KF PH Or WwW 
Ne eS SES 
————— SV SED enn Es 

FEB pO NF wWrFrF Oo or Fr 
Sa Ne 

Sj 
aCe ONE 
Se 
ry 
—__~ ———or._—s 


which represents all distinct solutions of the congruency. 


50. PROPOSED PROBLEM 
Grade XII 


Let f:R—R a function continue, and odd. Then 
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Dp 
J f (x)dx =0,(Vp € R) 
—P 
(A generalization of problem 14847, GMBP/1975, p.97) 


Solution 
Because f is odd we have that f(x) =—f(—x),(V)x €[—p, p].- 


Dp 
J fax = F(p)- Fp), 
—P 
where F is a primitive of f on the interval [—p, p]. 


J -fexae = [ —f(—x)d(—x) = | fd) =F(p) - Fp) 
From where: F(p)—F(—p)=0 


Remark: for f(x) = sin* we obtain 14847. 


In(2 + x’) 
51. PROPOSED PROBLEM 


Find a condition necessary and sufficient for 3 a; > ys ,(V)xER. 
j=l 


i=l 


(A generalization of problem 1, p. 46 GMA 1/1981) 


52. PROPOSED PROBLEM 


Let the polynomials 
P(x)=a,+ waa 
k=1 
and 


O(x) = Sayer” 


k=m 
With coefficients positive and not nulls, 1<m<n. Prove that the equation P(x)+Q(x) has 
exactly two real solutions. 


Solution 
The polynomial R(x) = Q(x)— P(x) has only one sign variation (in the Descards sense, 


that is: there are two consecutive terms a, and a, of the polynomial such that a, -a, <0, with 


Ayn, (—aonit) <0). 
If V =1.Let p the number of the positive solutions of the polynomial 
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R(x). Using the Descarts theorem (that states that V — p is an even number non-negative) it 


results that p=1, 
Let r be the number of the negative solution for R(x). That means thatr represents the number 


of the positive solutions of the polynomial R(—x), which has only one variation of sign, 
a,*(—a,) <0. The same if r=1. The equation has one positive solution as a single negative 


solution. In total, two real solutions. 


References: 
Alain Bouvier, Michel George, Francois Le Lyonnais, “Dictionnaire des 
Mathematiques”, Presses Universitaires de France, Paris, 1979. 


53. PROPOSED PROBLEM 


12345 
eto= | | a circular permutation. Determine all the circular permutations X such 



































45132 
that: 
a) oX =a 'X 
b) oXa0 =X 
C) XoX =X 
Solution 
12345 
Let x= 
pe oe ae ee 
_, {12345 
oO —= 
35412 
5 5 12345 
a) ao X=X,but 0 =o-o= 
32415 
1234551. 2:354/5)) 2 2.3°4°5 
S24 135 i Xo kare a bE ee Oe 
or 
12345 | x,x,%,X4X;5 [2345 
=e= 
32415 )| X,x,%5% 4%, 123 45 
(the identical permutation). Which is absurd. Therefore this equation does not admit solutions. 
123 45 234.5 
b) oXo=0a- = 
X M5 XXX, HX pH Hye 











12345 
and it results that 
45132 


sae 








Re By oe oe 
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1) Y= 1S 4H 4) x 





4 x; =2,x,=5 
x, =5,x, =2 








2) X,=2=> x, =5, x, =5 which does not satisfy 


oS! y= 








3 x,=3>%x=1x,=4 
) : eens 








4) MH 4=> 4 = 3; %; 





1 x; =2,x,=5 
x, =5,x, =2 








5) x,=4=> x, =3, x, =2 which is not satisfactory. 
We have in total six solutions. 


c) 
XoX =X 
oX=X'X 
oX =Cc 


12345 
35412 








X=ao'e=o"' | |. unique solution. 


54. PROPOSED PROBLEM 


Let a,m two integers, m = 0. We construct the series 
d= (am).d,4=(d,mdid..d,) 
Show that, if s is the first index for which d, =1, then a/"”** =a*(modm) where 
m, =m/d_,d,...d, and is the Euler’s index. 
(A generalization of the Euler’s theorem) 


55. PROPOSED PROBLEM 


g:R—R a descending function. Is there a function f:R— R monotone, such that 
fof=g on R? 


Solution 
No. 
a) We prove that there does not exist an increasing function f. 


Let x,<x,, 4x, ER. If f is ascending it results that f (x,)< f(x,) and then 
fF) < f (f(x) , that is g(x,) < g(x,), where x, > x,, which contradicts the hypothesis 
Rican ne 


b) We’ll prove that it does not exist a descending function /. 
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Let x,<x,, xx, €R.If f is descending it results that f(x,) > f(x,), and from here 
f(f(™)) < f (f(x) , therefore g(x,)< g(x,), and also x, > x,, which contradicts the 


hypothesis x, < x,. The same thing can be proved for functions strictly monotones. 
56. PROPOSED PROBLEM 


Let g:R—R a function non-bijective . Does it exist a function f: R — R, bijective, 
such that fo f=g on R? 


Solution 
No 
a) If g is not injective, it results that it exists x,,x, € R such that x, + x, with 


g(x,)=g(x,), from where 
f(£(%)) = f(F(%)). 

Wenote = / (7) yy 7 (a5) 

We have that, y, # y,, but in this case f is not injective because fy, = f(y,) 

b) If g is not surjective, it results that there exists y, € R such that for any xE R, 
g(x) y. We find that / is not surjective, because: 

: or f(x) #y, (V)xER; 

- or (4)x, € R: f (xy) = y, ; but in this case, it results that f(x) # x, on R since it 





exists x,€ R with f(x,) =x, we would have that g(x,) = f(f(™)) = f (x%))=¥ which 
contradicts the suppositions made regarding g. Then, if g is not injective (surjective) it results 
that f also is not injective (surjective). 


57. PROPOSED PROBLEM 


Let P(x) = (1 +e=x74.., +31)" . We note CK”" the coefficient in x”, which we’ ll 
call the k -nominal coefficient. (A generalization of the binomial, trinomial coefficients and of 
the Pascal triangle). Prove that 


n—-1 ? 


k-l 
a) Ch = CK nt, Where by convention we’ll consider that CK‘ = 0 for 
i=0 


r(k-1)<t<0 
b) Ch = CK 
h(k-1) 


c) ) CoS 
h=0 


cK Cyrene | if isodd 
ae " — l0if k is even 


32 


k-1 
e) S°CKi CK)" = CK’ 


n+m 
i=0 


58. PROPOSED PROBLEM 


Through the intersection point of two circle we construct a variable line that intersects for 
the second time the circles in the points M, and respectively VM, . Find the locus of the point M 


that divides the segment MM, in the rapport k . 


(A generalization of Problem IV. The examination test for admission to the Polytechnic 
Institute, 1987, Romania) 


Solution 





Let O,E | M\M, and O,F 1 M,M,. Let O€ OO, such that OO = K-OO, and 
M€M,M,,or M\M=K-MM.,. Construct OG | M|M,. 
We note: 
M,E=EA=X and AF=FM,=y. 
Then AG = GM , because 




















AG = EG-EA=—*_(x4 y)-x= 2+ and 
k+l k+l 
GM =M,M—M,A—AG =—*_(2x4.2y)—2x 2 TY tT) 
k+1 k+l k+l 








Then also OM = OA 
The locus is a circle of center O and aray OA, without the points A and B. 


Reciprocally 
If M € G(O,OA)\ {A,B}, the line AM cuts the two circles in M,, respectively M,. 
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We project the points O,,0,,O on the line M,M, in E,F respectively G . Since 


0,0 = K -OO, it results that EG =k-GF .Wenote ME = EA=x and AF = FM, = y and 
we obtain 


M,M =M,A+ AM = M,A+2AG = 2x +2(EG—EA)=2x+2 


MM 





k k 
ee (0 eng eee 
k Ce ) k 


ety)» 
ail +1 


k+1 
For k =2 we find the answer. 


59. PROPOSED PROBLEM 


Let d, and d, the diagonals of a quadrilateral inscribable that start from A, respectively 
B. Prove that 


d,sinA=d ,sinB. 


First solution 
We note the sides of the quadrilateral: 


AB=a 
BC=b 
CD=c 
DA=d 
Because 


Suse + Saucy = Susp + Seco 

It results that absin B + cd sin D = ad sin A+besinC. 

The quadrilateral being inscribable, we have 

sin A=sinC and sinB=sinD. 

Therefore: 
sin A _ab+cd_d, 
sinB ad+be d, 

The last equality is the of the second Ptolomeus theorem, therefore the conclusion. 





Second solution 
We apply the sinus’ theorem in the triangles ABC, ABD, from where we obtain: 


ACB = ADB. 
Therefore: 
Jie “and Dis 2. # 








sinB sin ACB sind sin ADB 
From which the requested relation. 
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60. PROPOSED PROBLEM 


Prove that there exists a right triangle having the legs, the heights, the rays of the 
inscribed respectively circumscribed, and area expressed in whole numbers. 


Solution 
We consider the right triangle ABC , with the following sides: 
a =30n 
b=40n 
c=50n, ne N* 
Which are Pythagorean numbers: 
a+b =c’ 
s = — 600n 
2 
B 
c 
90° 


A 


The height h, from the vertex C is equal to 24n , because 
h,-50n / 2 = 600n" 


h, = 30n 
h, =40n 
abc (s 
= — =25n,or R=— 
4S 2 
Po2 iba 
P 


Where n = semi-perimeter of ABC 


61. PROPOSED PROBLEM 


In the triangle ABC we construct the Cevian AM _ that forms the angles 
A, A, with the sides AB respectively AC . Prove that: 





\B4)_|pm|_ bin, 
led lel kin 


(A generalization of the bisectors’ theorem) 
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Solution 


B M C 


The sinus’ theorem in the triangles ABM, ACM gives: 
|B4| [BM | 
sin AMB sin A 
ICA] |CM| 
sin AMB sin A, 
By dividing relation (1) by relation (2) we find the conclusion. 
If AM is the bisector, it results that A, = A, , obtaining the bisector’s theorem. 


If ABC is right triangle in A, then 
IPA PM | od 





(1) 


(2) 








Ica] |cm} °*? 
If AM is the median, then 

|BA| sin 4, 

\ca] i sin 4, 





62. PROPOSED PROBLEM 


Show that in a triangle the square of the height is equal to the product of the segment 


determined by it on the opposite side and the cotangents of the angles formed by the height with 
the adjoin sides. 


(A generalization of the height’s theorem) 
Solution 
A 
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Let AD L BC. We note 


AD=y 
BD=x, 
CD=x, 


We must prove that 
y =x,-x,-ctg A -ctgA,. 
Applying the sinus’ theorem in the triangles ABD, ADC we have 


= (1) 
sin A, cos A, 





nO _ ye (2) 
sinA, cos, 





Multiplying side by side the relations (1) and (2), we find: 
COS A COS A, 
sin A, sin A, 
If the triangle ABC isa right angle triangle in A, then: 
ctg Actg A, = ctg Actg(90°— 4.) =1 
That is the very well known height theorem. 


q.e.d. 


— 
Jy hy 


63. PROPOSED PROBLEM 


Find, in function of the sides of a triangle. The length of the segment of a median (of a 
side) between the side and its extension on the other side. 


Solution 
Let AA’ the height of a triangle ABC . We need to determine |M 'M "| (see the figure) 


M” 


B C 


1) In A' between M and C (the same when 4' is situated between M and B) 


37 


|AB| =C 














|BC|=b 
|C4|=c 
because the triangles BMM' and BAA' are similar, we have 
|MM'|  |BM" 
[44 [Ba] 
but 
BA'= Jc’ —h’, with |A4'|=h, 
It results that 
| MM \— ah, 1 





2 ale —hi 


In the same way, for the similar triangles CUM" and CAA' we find 




















| MM"|= ah, 1 
2 bh; 
2) Then 
| MM"|= ahe | 1 | 
2 | Jen, eh 
with 
2 
N= NP = OP ae) 
according to Heron’s formula and: 
—~@+b+e 


2 
the semi-perimeter. 
We took the absolute value in 2) to understand the two cases (see 1)). 


64. PROPOSED PROBLEM 


Let A,A,....4, a polygon. On a diagonal 4,A, we take a point M through which passes a 
line d, which cuts the lines 4,A,, A,A,,...,4, ,A, in the points P,P,,...,P,_, anda line d, which 
cuts the lines 4,A,,,,...,4, ,4,,4,A, in the points F,,...P_,P.. 

Then 


419°" 


? AF =] 
at Arak 
where /f is the circular permutation 


12...n—l1n 
23... n 1 
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(A generalization of Carnot’s theorem) 


65. PROPOSED PROBLEM 


Let a polygon 4,A,....4,, a point M in its plane, and a circular permutation 
| [Zen lbm 
“lake. Lh: 
We note M,, the intersections of the line 4,M with the lines 
A, An sH+1]9°°? SA A pesiy 
(for all i and j, j € {i ee eer arty 
If M, = A, for all respective indices, and if 2s +t =n, then we have 
n,it+s+t—l M, A, . 
a 
ijaLlts 2 i f(A) 
where s,¢ are non-null natural numbers. 
(Generalization of Ceva’s theorem) 





66. PROPOSED PROBLEM 


Let a polygon 4,A,....4, inscribed in a circle. We’ll consider two numbers s,¢ non-null 


natural such that 2s + ¢ =n. Through each vertex A, we construct a line d, which cuts the lines 








A. Ais cits Aizca, 14:44, In the points M,. Mie nen we have 
n_its+t—l M,A, A, 
I] =[[— 
isl j=its MA jc; = ram 


67. PROPOSED PROBLEM 


We consider a convex polyhedral whose faces don’t have the same surface. Prove that the 
sum of the distances of a variable point situated inside of these surfaces of the polyhedral are 
constant. 


Solution 

We note with V the volume of the polyhedral and with S the surface of each of the n 
faces: Fi, Foxaa le 

We’ll divide this polyhedral in n pyramids with the vertex in M, where M is any 
interior point, and the bases F,, F,,...,/,. The heights of the pyramids are precisely the distances 


from M to the polyhedral faces. 
Then: 
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or 
S(dtotd,)=V, 
then 


d+... a, = “2 constant. 


68. PROPOSED PROBLEM 


Let m be a positive integer. 
Prove that any positive integer 1, with n >m, can be factorized as follows: 


n=(...((I-m+x)-m-+x)...):m+x, 


where x is either 0 or 1, or 2, or ..., or m—1. 


69. PROPOSED PROBLEM 


Does the equation x° + y” =z* have integer solutions? 
But the equation x*° + y” = as ? 
xy 
Solution: 
I. No. 
Of course x, y, z are not null. 


1) If x, y are positive then z is also positive; we may suppose 0<x< y<z, 
whence 
Ly Sy = (y+l)" a ae 


2) If x, y are odd (even) negative then z is odd (even) also; our equation 
1 1 1 : st 
becomes — + oe with a, b, c positive; we may suppose c<a<b, 
a c 


whence 


1 12 1 oo 


a’ a a‘ (a+1)"" cc 

3) If x is odd negative and y even negative we may suppose z odd 
negative (because it multiplies the equation by —1); changing the 
notations, our equation becomes as in the case 2). 

4) When one of x and y is positive and the other negative, it is easy to 
handle. 








40 


Il. Yes: (—1,-2),(-2,-4),(-2,-1),(-4,-2) only. 
Of course x, y are no null. 
Let’s E(x,y)= xy(x’ +y*) 
For x, y positive integers E(x, y)>1. 
Let’s x, y negative. 
1) If x, y are odd then E(x, y)<0<1 


2) If x, y are even, we have 
b a 


b-1 —] ? 
a bf 





E(@,b)= 


with a=-x; b=-y; a,be {2,4} because for a26 (orb 26) itis easily 


to prove (by recurrence) that 


1 1 
E(a,b)<—=+— 
(4,5) <3 +5 


Thus for a=2 it finds b=4 reciprocal. Whence 
(x,y) =(-2,-4).(4,-2) 
3) Let’s x odd and y even. Analogically 
b a 
a cy po 
For x =—1 or (y =—1) we have integer solutions: (-1,-2) , respectively . 
(-2,-1) 
From 2) we have a <6, b<6. But for (a,b) =(3,2),(3,4),(5,2),(5,4) 
E(a,b) #1 


E(a,b)= 








70. PROPOSED PROBLEM 


Prove that the equation 
a ata, Hb +...4+D,", 
with all a,,b, >0, has a finite number of real solutions. Of course, a,,...,4,,,5,,...,5, are different 
one from another. 


Solution: 
Let f(x)=a+...ta,°-5"—...-6,", f: RR, a continuous and derivable function. 


Let max {a,,b,} =a, and min {a,,b,} =a,-. 


1) If a,>1 then 


Al 


Latimstoy=ai|to{ +t 2) (2) ~-({2| |. 
a a, a, a, a, 





and 
x x x x 0, if a,>l 
1-lim f(x) =a,"- SED oe ey ly A ae a = +0, if a,<l 
x00 a, a, a, a, ; 
1, if a,=1 


Hence f cannot have infinity of zeros. 
If a, <1 it finds a, <1 too, hence L=0 and 1= +0, the function can’t have an infinity 
of zeros. 
We may eliminate the case a, =1 because a,* = constant 
2-3-4) These cases are analogously studied, namely when the maximum and the minimum are 
respectively: (a,,b, ) or (4,4, ) or (b,,, ) ; 


71. PROPOSED PROBLEM 


Solve in integer numbers the equation: 
x” —7z+3w=8 


Solution: 
—x7 + ad 
wa SE 2424 ee neae 
But 
a_isey. 
x +742 ez 
3 
Then 
z=x’4+3t-2, 
hence 


w=2x’ +7t-2. 
The general integer solution is 
x=U 
y=v 
z=u’+3t—2 
w=2u’+7r 
Z=x? +3t-2 
te Z, with (u,v)e(Z*x N)U({O}xN*)U({41} xZ). 
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72. PROPOSED PROBLEM 


Solve the equation x* —4y =23 in integer numbers. 


Solution: 
x —4y=x'°(mod4) and 23 =3(mod 4); hence x° = 3(mod4), or 
x=4k4+3,keEZ. 
(4k+3)-23 
1 aaa amg cs +36k° +27k+1 


73. PROPOSED PROBLEM 
Prove that the equation x° —7x,...x, =3 does not have integer solutions. 


Solution: 
If the equation has solutions then x* —3 is divided by 7. But, for any 
x=Tk+r, re {0,1.2,...,6}, ke Z, x =3(mod7). 


74. PROPOSED PROBLEM 


Prove that the equation: ax" +by=c, where a,b,ceé Z, a-b#0 has integer solutions if 




















and only if there is {re 0,1,)b -1} such that ar” =c(modb). 
Solution: 
ax” —c 
= EZ, 
aa: 
We write x =b—k+r, ke Z and ré{0,1, b —1} 
bk — i 
y= MT ey £67 


We have noted d the integer quotient of the division, d€ Z . Then it must 
ar" —c be divided by b. 


Example: Solve in integers the following equation: 3x° -7=6. 


We find 


x=7k+4 
3(7k+4) -6 
oT a 
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75. PROPOSED PROBLEM 


Find the general positive integer solution of the Diophantine equation: 
9x? + 6xy—13y* —6x—-16y+20=0 


First solution: The equation becomes: 


2u’ —Tv’ +45 =0 (1) 
where 
u=3x+y-1 
7 (2) 
v=2y+l 


We solve (1) 9see [1]). Thus: 
u,_, =15u, + 28v, 
neN, (3) 
V,, =8u, +15v, 
with (u),v)=(3,3€), €=41. 
Clearly, for all ne N, v, is odd, and u, as well as v, are multiple of 3. Hence, there 


exist x,, y, in NV, with 


Qu. — 3 
it u, —V,+3) 
6 neN (4) 
_(v,71) 
ae > 


(from(2)). Now, we find a closed expression for (3): 


Uu, Ug 
= A". ,neN, 
se Vo 


15 28 
where A= ar , calculating A” (see [1]). 


Second solution: We transform (2) as: u, =3x,+y,—-l and v,=2y, +1, neN. 
Using (3) and doing the calculus, we find: 


ntl n 3 Vn 3 (5) 
Via =12x,+19y,+3, ne N 


With (x,,y,)=(L1) or (2,—2) ; (two infinitude or integer solutions). 
Let 
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Le 
ae) 
AS| 12-19. <3 
0 0 1 
Then 
x 1 x, 2 
y, |=A" | y, |=A"|—2|, ne N (6) 
1 1 1 1 


From (5) we have y,,, = y, =.=) =l(mod3) . Hence always x, € Z. 


Of course (4) are equivalent to (6) (see [1]), and they constitute the general solutions. 


Reference: 
[1] F. Smarandache — A Method to solve the Diophantine Equation ax* —by* +c =0. 


76. PROPOSED PROBLEM 


Let €=1 or -1 and 


N=€E 





: =| are : [ ea 


) ‘ gn eke . giktl 
k=0 
Prove that N is a perfect square if and only if €=1 and n=0 or n=3. 


0 


Solution: Using the Diophantine equation x* =2y* —1 (which has the only solutions 
(1,1) and (239,13) ; see [1], [2] or [3] we note t = y*. The general integer solution for 
x’ —20°+1=0 is: 
X41 = 3x, +4, 
is = 2x, +3t, 


PA 


for all ne N, (x),¥)) =(1,€) (see[4]); or 


4y" (1 
ie nee , forall ne N, 
yp 2a é 


where a matrix at the power zero is equal to the unit matrix. 
Hence 





() PEM Garp) = 2 Bain) 
an , nen. 
is PN Gaby 2-4) 


4 








45 








é; 26 +V2 (34.9 /9)' 28-9? (3_ 25)", neN, 


4 4 
or t, =N, ne N. We obtain for €=1 and n=0 or3 that N =1 or 169 respectively. Other 
values for 1 there are not yet, because we have only two solutions for the equation in integers. 


References: 


[1] R.K.Guy — Unsolved Problems in Number Theory, Springer-Verlag, 1981, 
Problem D6, 84-85. 


[2] W.Ljundgren - Zur Theorie der Gleichung x* +1= Dy*, Avh. Noroske Vid. 
Akad. Oslo, 1 5(1942)#5, 27 pp; MR 8, 6. 

[3] W. Ljundgren - Some remarks on the Diophantine equations x* — Dy* =1 and 
x* — Dy* =1, J. London Math. Soc. 41 (1966),542-544. 


[4] F. Gh. Smarandache — A Method to solve the Diophantine Equations with two 
unknowns of second degree, Gamma, Brasov (to appear). 


77. PROPOSED PROBLEM 


Prove that the general solution in positive integers for the Diophantine Equation 
2x*-3y’ =5 is 


% = S+6V6 (54. 2/6)' A 2¥6 (526) 


n 








n 


y = 36428 (52/6)! 26-206 (5_ av) 


For all ne N, where €=21. 


Solution: The smallest positive integer solutions are (2,1), (4,3). 
Let 


Xi, = ax, t by, 
Vn =CX,, + dy, 
for all ne N, and (x),.¥)) =(2,+1). Then 


2ab =3cd (1) 
2a’ —3c’ =2 (2) 
2b* —3d* =-3 (3) 
Whence a=+d and b= +c . Because we look for positive solutions we find 
a=d, b= 25 ; 
2 


The smallest positive integer solution (with nonzero coordinates) for (2) is (5,4). Hence 
a=d=5, c=4, b=6. 
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It results by mathematical induction that: 
555), 
Vn 4 5 Yo 
56 : 
Let A= wis Ae R, I the unit matrix. 


Det(A—2-1)=0 involves 2,, =5+ 2/6 and the proper vectors Vo= (/6,+2] ; (that is 
Av, =Ay,, i=1,2). 
0 
v6 vo . Then P'AP= ‘ , whence 
2 -2 0s 


Ta a! esd AAO Hen oid 
sno? Jee 5 (4 +4") ~(A" 4) 


We note P-( 


V6 n n 1 n n 
UA -A,") 5 (4 +4,") 
Taking (Res VY) = (2,€) one finds the general integer solution. 


We prove (GS) constitutes the general solution in positive integers by reduction ad 


a a 
absurdum: let (a, B) be the integer solution for our equation. Of course |= At “ is other 


1 


a a, 
solution with a@,<a, §, <P, also i wv i with a,<a@, §,<f,, etc. 
2 1 


Let (@,, B) be the smallest positive solution greater than or equal to (4,3). If (as B) 


=(4,3) then (a, 8.) € (GS); if no calculate (@,,,8,,,) = 4” eT 


B,,)=(2£1) then it belongs to (GS)1 if no, it results 2 < a, 


i+] 


If (GQ. 


<4, but it is absurd. 


Remark: 
The method can be generalized for all Diophantine Equations of Second Degree with two 
Unknowns. 


78. PROPOSED PROBLEM 
Find the general solution in integers of the Diophantine Equation: 
2x* -3y? -5=0 


79. PROPOSED PROBLEM 


Let p be an odd number. Prove or disprove that p and p+r are simultaneously prime 
numbers if and only if 
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1 2 1 2 
(p-l)} —+ +—+ 
Dp ptr) p ptr 
is an integer. 


[Problem 328, “College Mathematical Journal”, Vol. 17, No. 3, 1986, p. 249] 


80. PROPOSED PROBLEM 


Let p -» Pi,» D;,4, be coprime integers two by two, and let a,,...,a, be integers such 


i +19°° 


that a, is coprime with p, ,,,...,),>---»P;,, for any j. Consider the conditions 9) Pj, 4155 Pj 


are simultaneously prime if and only if c, = O(mod p, ,.... 


. Pj) for any 7. Prove that 
Pia Pio P;,, are simultaneously prime if and only if 

2 ac, 

jal Paster Pj, 
is an integer. 


81. PROPOSED PROBLEM 


Let P bea point on median AA' of the triangle ABC’. Note B' and C' intersections of 
BP and CP with C4, respectively AB. 
a) Prove that B'C" is parallel to BC. 
b) When AA4' isn’t median, let A" be intersection of B'C' with BC. Prove that A' and 
A" divide BC in an unharmonious rapport 


Solution: 

a) From Ceva’s theorem in ABC we find: 
JC’ A] |a'Bl [B'C| _ 
|c'B] |4'c| |B'4l 





(1) 


C 
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and because [4'B = 











Ja'cl 
it results: 
|c'4|_ |B'C| 
jea| ara) 


i.e. B'C' is parallel to BC. 


b) From Menelaus theorem we find: 
IC'Al fa"al |B'C| _ 


= 2 
cl ac) Bay” @) 








Fig. 2 


We divide (1) to (2) and obtain: 
\A'B) |A" Bl _ 
l4'c|"|anc| 








82. PROPOSED PROBLEM 


Let A, B, C, D be collinear points and O a point out-worldly of their line. Prove that 
(O04? - OC) BD+(OD’ - OB’) AC =2.AB- BC: CD +( AB’ + BC’ + CD’) AD-( AB’ + BC’ + CD’) 


Solution: 


Stewart’s theorem is used four times for points: (4, B, C), (B, C, D), (4, C, D) 
respectively (A, B, D) and it obtains the following relations: 
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A D 
B C 

OA’ - BC’? —OB* -CA+OC’-AB= AB- BC-CA 

OB’? -CD-—OC’-DB+OD’*-BC =BC-CD-DB 

OA’ -CD—OC’*-DA+OD’:-AC = AC-CD:-DA 

OA’: BD-OB*-DA+OD*-AB= AB-BD-DA 
Summing member with member, all these relations, it finds the asked question. 
It uses, too, that: 

AC = AB+BC 


BD=BC+CD 
AD = AB+ BC +CD 


83. PROPOSED PROBLEM 

Let ABCD be the tetrahedron and AA, € CD, A, € CB, C, € AD, C, € AB four coplanar 
points. 

Note E = BC,N DC, and F = BA, DA,. Prove that the lines AE and CF intersect. 
(“Crux Mathematicorum”, Vol. 14, No. 7, September, 1988, p 203, problem 1368). 


Solution 
Note BDN AE = A' and BD CF =C'. We shall prove that A' and C' are identical 
Firstly, we project A,B,C,D on plane (4,4,C,C,) in points A',B',C' respectively D'. 
Because we have four couples of similar triangles: AA'C, with BB'C, with CC'A,, CC'A, 
with DD'A,, and DD'C, with AA'C,, it involves: 
C,A. AA AB BBY AC CC 
C,B. BB’ AC CC’ AD DD' 





And respectively 
GD. _.DD' 
CA AA' 


By multiplication of these four equalities, member with member, we find 
CA AB AC CD _ é 
C,B AC AD CA 

We apply Ceva’s theorem in triangles ABD and BCD: 
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C,A CD _ A'D AB AC C'B 
CB CA A'B AC AD C'D 
We replace these two equalities into (r) and we find: 
A'D_C'B 
A'B C'D 
because A"C'€|BD}. 








, respectively 








, hence A'=C' 


84. PROPOSED PROBLEM 


in P. 


i+] i 


Let A,,A,,...,4, be the pyramid and a a plane which cuts the sides A,, A 
Prove that: 
i=l PA in 


Solution 
We project 4,,A,,..,4, on a in A',A,',... respectively A,'. Right triangles 





PA,A,' and P.A,,,A',,, are similar, hence 
PA, = AA, 
FA, Ai, AY ii 
Our product becomes: 


AA,’ AAS eAS =] 
A,A,' A,A," . AA, 





85. PROPOSED PROBLEM 


How many non-coplanar points in space can be drawn at integral distances each 
from other? 


86. PROPOSED PROBLEM 
Let 1 points be in the space such that the maximum distance among two of them is 
Prove that there exists a sphere of radius r<a fo , which contains in interior or on 


its surface all these points. 
(A generalization in space of Yung’s theorem). 
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87. PROPOSED PROBLEM 
Let f: A— B bea function. Find all functions h #1, suchthat foh=f. 


Solution 

If f is injective let x <A and f (h(x) = f(x), whence h(x)=x or h=1,. 
Then f may not be injective (necessary condition). It is sufficient: 

(4)x, =x, such that f(x,)= f(x,) 

We construct 





h:A— A, h(x,)=x, 
and 
h(x)=x for x#x,. 
Hence h¥1,. 
Let C={xEA|(AyE4 vex, f(x)=f(y)}. 
All functions 4 from the problem have the form: 
h:A— A, h(x)=x for xe A\C'" 
where TO # C'CC, andif x, €C' then h(x,) =x, for which f(x,) = f(x,). 


88. PROPOSED PROBLEM 


For any k,m,n € N prove that: 


5 (Jee —sf"le, 


i=0 j=0 


Solution 


i n n n n 
(1+ x) x” = Me a ze wart ai ie ae hc “xen 
0 1 2 n 


Now, we derive this equality for k times. Because 
nl oe 
[(l+2)'] =4t(1+x)"* and (x")" = tx" 
for any k,m,n € N , k <m, and by Leibnitz formula in the left member we find: 


‘ Aiea. se" ) ym Ole) ae be ea ere 





0 n m+n 


We replace x = 1 and obtain: 


aoe [Taam tla yore 
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k A‘Qn* 4 k Age tA k 
0 1 k 


n n n 
=] + (tat |é 


k 
Jaan ast | jena = 
1 k 


n 
a b 
When a <b we have b =A’ =0. 


Reference: 
C. Nastasescu, M. Brandiburu, C. Nita, D. Joita — Exercitii $1 probleme de algebra , 
EDP, Bucuresti, 1981. 


89. PROPOSED PROBLEM 
Let f and g be two functions, g has an inverse, and a,b are real numbers. Prove 
that if the equation: 
LO) 


a 


g@) 
b 


Admits solutions where |x] is the greatest integer smaller or equal to x, then there exists an 














integer z such that 





_(e'@2)-«) 


<l. 
a 
Solution 
Let x, be a solution of the equation. We take 
z= g(X) ec Z : 
b 
it involves x, = g '(bz). 
Hence 
f(g (bz) — 
a 
And in accordance with |x]<x<|x]+1 we find 
“(bz 
vA < f(g") < Z +1 
a 








whence it involves our double inequality. 


90. PROPOSED PROBLEM 
Prove that if 4 and B are two convex sets, then 4xB is a convex set too. 
Solution 


AxB={(a,b)|a€ Aand be Bh. 
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Let x, =(a,,b,) and x, =(a,,b,)€ AXB. 
We should prove that ax, +(1—a)x, € Ax B, for a € [0,1]. 

ax, +(1—a)x, =aa,+(1—a)a,, ab, +(l—a)b, € AX B 
because aa, +(1—a)a, € A and ab, +(l—a)b, EB. 


91. PROPOSED PROBLEM 
Let a,,q,,...,a, be a system of integers with the property that (V)a, (4)a, such that 





the property 

(C) a, =—a,(modm), 
where m is not null integer, and 

Card {i / (c)} = Card {j / (c)}. 

One makes up the sum S, = SS da, d,,-...:a, where summations done after all 
sequences i,,/,,...,7, such that 1<i, <i, <...<i, <t. 

Prove that if ¢ is even number and & odd number, then S, is multiple of m . (Two 
partial generalizations of the Problem E3128, 1/1986, American Math Monthly). 

The proof is simple. If t= 2r , r€ N* in the development of the congruence: 

(x—a,)(x —a,)...(x—a,) = 0(modm) (1) 
the sums S, represent the coefficients of x“, k € {1,3,5,...t—1}, that is all odd powers (vales of 


x. 
But (1) becomes trough a rearrangement, according to the hypothesis: 


(x =4, )(x =4, )...(x—a, }(x +a, Jel +4, )(x +a, | =O(modm) (2) 
or 

(x? — az )(x? = ai, \oo( 3? —a; | = 0(modm) 
In the left part of (2) we have a polynomial which, developed, contains no odd power of x, 


which means that in (1) all the coefficients of the odd powers of x are multiples of m. 
Here are the applications that we obtain: 


Corollary 1 
We find a nice result when a,,a,,...,a, constitute a reduced system of rests when 


CC), ++ Co¢m) mod ulom # +1,+2. Then t = &(m) is even number, being the function of Euler, 
and k is taken as an odd number. S, will be a multiple of m . 


This corollary is a partial generalization of the mentioned problem. 
Corollary 2 
Analogously, if we take a,,a,,...,a, as being a complete system of remainders (for 


example 1,2,..., 





m|—1) modulo m where m and k are odd numbers, S, will be multiple of m . 
There appears another partial generalization of the mentioned problem. 
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92. PROPOSED PROBLEM 
A generalization of problem E3037 “American Mathematical Monthly”, 2/1984, p. 140. 


Let m be an integer. Find all positive integers n such that m®(n) divides n. 


Solution 

n=O verifies; the case n = 1 is trivial. 
Let n = p,",.... p<’, where all p, are distinct primes and all a, € N *, which verify our 
assumption. Then 

ie = Pi Soest Ps 2 

m&(n) p,—l p,—-1 m 
Clearly 2|n because all p,—1 are multiple of 2 (without the case when a p, = 2 ). Hence, from 
(1) results 1<s <2, because (p,—1)...(p,—1) isa multiple of 2°". 


a) If s=1 we have 
nm 2 
m®(n) Mm 
For m a divisor of 2 there exists n =2°, aE N* 
b) If s=2 we have 
ee ae ce 1 
m®(n) P,—l m 





EZ (1) 








and we may take p, =3 only. Hence, if m divides 3 there exists n =2°-3°, with 
a,GEN*. 

Remarks 

1. This division is possible if and only if m € {+1,+2,+3} 

2. For m=1 we find the problem E3037, AMM, 2/84, p.140. 


93. PROPOSED PROBLEM 


How many solutions has the inequality @(x) < a ? Find their general form. 


Solution 

This inequality remembers the Carmichael’s equation ®(x)=a. 

We consider a € N because ®(x)EN. 

The cases a=0, a=1, and a =2 are trivial. 
Let a be a positive integer > 3. Let p, < p, <...< p, <a be prime numbers less or equal to a. 
If x verifies our inequality then x = p;"...p°, with a, € N for all i, because from “ p, divides 
x and p, >a is prime number” we find ®(x) > ®(p,) = p,' > a:, which is absurd. 

Hence 
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1 —1}" 
&(x) =x| 2 — Ps <a 
Py Ps 
0, if a, =0 
where ¢,=4 for all i, or 
lif a, = 
(x)< a za SP e. “a 
p,-l peak 














It results that the number of solutions of our inequality is finite. With the previous notations we 
obtain the general form of the solutions: 

















S= U {x |x =p'...p, a, €N for alli, (x)< Ei) 5. |e ‘a, €, =0 when 
e+... +€, =0 Py =A Ps — 1 
(x) < PR . = -a, €, =0, when a, = 0 and c¢,=1 when a, <0 forall i} fo}. 
Py Ps — 














The number of the solutions is equal to: cardS = cardB , where 


4] {| ‘al php) 


O<e,4+..4+¢, <s, alla,€N, ¢,=0, when a, =0 and ¢, =1 whena, <0 forall i} 


B=b|b= 








Remark 
From this proposal we find that the equation ®(x) = a admits a finite number of 


solutions, because the inequality ®(x) <a —1 has a finite number of solutions (on the 
Carmichael’s conjecture). 















































Example 
®(x) <10 has in all 19 solutions: 

General 2 3% 5% 7% pha 3 3% 2% : 5% Phe : 7 3% : 5% 3% ; 74 Pigs . 3% i 5% 
form or 
2m c 3% “ 5% ad 5% ; 7" 
solutions th | 2A) Bye abe |) 6,12,1 | 10,20 | 14 15 - 30 

8, 8,24 

16 

94. PROPOSED PROBLEM 


Let f bea function, f:Z—-Z. 
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a) On what terms is there a function g:R—Z such that gof=1, , but 
Jee ls; where 1, is the identical function 
(1, :ESE by 1,(x)=x, (V)xeEE)? 

b) In this case find g. 


Solution 
a) (f isn’t an injective function = (4)x,,x,€Z with x, # x, and 


F(X) = £2) & (go S)(m) = 8(f@)) = (S04) = (8° f(s) of = le: 
Hence f must be an injective function. 
b) g=f'([x]) where f':f[Z]>Z. Then (gof)(x)=f'(f(@~))=x, 
(V)xEZ, Z—! Z—* Z; and (fog)(x)= f '(f(x)) =[x]#x because x ER 
R>® ZZ. 





95. PROPOSED PROBLEM 


Let a and b be two elements from a group, the order of a is m and a"b" =b'a". 
If p divides r, calculate the order of b. 
(“College Mathematical Journal”, USA, 1990) 


Solution 
Let’s r=kp, k € N*, and the smallest common multiple [m,n]=M, i= M/n. We 


denote the reverse of a with a’. One obtains: 


br= (a’)’ ba" (1) 
We replace this relation into itself 4 times. 
bP = (a’)’ b? bb? a’ = (a’)’ (a’)’ ba" (a’)’ ba" ..(a’y ba" a" = (a")" be??? = (2) 
k times 1 : z z k + 





(replacing (1) in (2) it results:) 
= (a’)" pg Ss u= (a’)" beat — bk? 


(because a” =e= (a°)" ). 


mn\/n 


Hence b? = b*” or b? =b*”? =e, whence ord(b) = p(r/p) —1. 

Remark 

For m=5, n= p=1, r=2 it obtains the Problema Nr. 7, concurs-oposicion a plazas de 
prof. agregados de Bachillerato 1984, Matematicas, Tribunal No.1, Turno: Libre, R.L.1, R.L.2, 
Valladolid, Spanish, by Francisco Bellot. 
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96. PROPOSED PROBLEM 


Let a,b be real numbers, 0 < a #1; prove that there is a continuous, strictly decreasing 
function g(x) of the real line R into R such that g(g(x))=ax+b. 
(A partial generalization for the problem E3113, Amer. Math. Monthly, 9/1985). 


Solution 
We construct a function g:R—-R, 


b 
g(x) =Va-x+—— 


Thus g(g(x))=ax+b, g is continuous and strictly decreasing. 


Remark 
For a =b=2 we obtain a function of the above mentioned problem. 


97. PROPOSED PROBLEM 


Let p bea prime number. Prove that a square matrix of integers, having each line and 
column a unique element non-divisible by p , is nonsingular. 


Solution 
In accordance with the development of the matrix there exists a unique permutation, 1.e. a 
unique term (=product) having as factors all these non-divisible elements by p. 


This term isn’t divisible by p, but all other ones are divided by p . Hence, sum (= value 
of the determinant) isn’t divided by p , whence the determinant can’t be null. 


98. PROPOSED PROBLEM 


Let f(x) = ax’ +hx+c bea function of second degree, f : R — R, such that there are 
d,e€R for which f(d) =e. Prove that b* + 4ae>4ac. 


Solution 
Because f : R — R, it involves that: 
fO=ceER, 
f(=at+b+cerR 
and 
f(-)Y)=a+b+ceER 
or 
a+beR 
and 
a—beR, 
Whence 
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a€R and beR. 
The second degree equation ax’ + bx +c—c=0 has at least a real solution x, =d , and because 


all coefficients are real, we find x, ER. 
Hence A>0, or b* —4ac+4ae>0. 


99. PROPOSED PROBLEM 
Find two sequences {a,},{b,}, (n =1,2,...) such that Was SD: , both diverge while 
1 1 


) ‘min {a, ,5, } converges. 
1 
(On the problem E3125, AMM 1/1986) 


Solution 
1) For example a, =0,1,0,1,...and b, = 0,1,0,1,... hence 


min {a,,b,}=0, for all n>1 
2) More generally: 


Let {c,} be a sequence such that eG converges and all c, <1 (for example {1 y n’\ 
1 


n>1 with s>1), and {d et another sequence such that Sod, diverges and all d, >1. 
1 


We construct a,,b, as bellow: 


a, = Gisela Om pisces Om tk, yoy e419 ses Un thy pene 


RS CORO GM d c c 


9 my 9A my 419289 A my +h 2 my Hy $1219 “my +h thy 2°" 


Co Co 
Of course Sa and S25, , diverge because: 
1 1 


>a, >}, and 38, >So, 
1 1 1 1 
and 


CO CO 
ymin {a,,b,}= Sc, converges. 
1 1 


100. PROPOSED PROBLEM 


Let , where p, is the n™ prime number. 


“1 
Does the series 5 — converge? 
n+l n 
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Solution 

The series is divergent. 

From Tchebishev’s theorem, it involves p,.,—p, < PD, 

(contrary to this it would involve that p, and p,,, are not consecutive). 
Hence 


a and Ba er 


para | n 
[Published in “The Fibonacci ae Vol. 30, Nov. 1992, No. 4, pp. 368-0, proposed 
problem B-726]. 


101. PROPOSED PROBLEM 


Let f be acontinuous and positive function on [a,b]. 
Calculate 





Solution 
By mean theorem we find 


| (f@0)" de =(b-a) f(O"”, ce fla,b] 


a 


Then 
I 1 
L= lim (ey (b—a)e — es 


x00 


Remark 
If f is positive on [a,b] it is well known that L is equal to 1, too. 


102. PROPOSED PROBLEM 


Let (S') be a solution in integers for a linear equation with non-null integer coefficients 


h 
(S) = y u,k ,+Vv,, 1€= eee (3 


j=l 


Xa, +..+x,a, =b, where all u,, v; are constant in Z, and all k, are integer parameters. The 


ij ? 
author has proved (in [1] and [2]) that if (S ) is a general solution then: 
1) h=n-1; 


2) fais ber for all j € {1....n—1}; 
3) [thiissttsthg x) = (Gena e@asee. )storall fe= {ian} 
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But these three conditions are not sufficient. 


Questions 
A) Find other condition(s) still, so that ( S ) together with all these to be a general 
solution; (reciprocally) 


B) A similar question in order that an integer solution of a linear system to be a 
general solution. 


References 
[1] Florentin Smarandache — Rezolvarea in numere intregi a ecuatiilor $i sistemelor 
de ecuatii liniare. Lucrare de licenta, Univ. of Craiova, 1979. 
[2] Florentin Smarandache — Whole Number Algorithms to solve Linear Equations 
and Systems. Ed. Scientifiques, Casablanca, 1984. See Zentrallblatt fur Mathematik (Berlin) 


103. PROPOSED PROBLEM 


Prove that from a non-constant arithmetical progression of ((2m = 3) 3P4 1) /2 terms 


one can extract (m—1)-2" distinct terms such that any m of them do not constitute an 


arithmetical progression. (“Nieuw Archief voor Wiskunde’”’), 1988, No.2, problem No.809, p. 
171, and “The Mathematical Intelligencer”, Vol. 11, No.1, 1989). 
*Find the greatest extraction with this property. 


Solution 
It’s sufficient to make as non-constant arithmetical progression N * (see [1], p. 69). 
One constructs the sets sequence: 
A ,=(1,2,...,m—1) 
A nt+1— A,U(4,+2a, — 1; for n 2 1 9 
where a >= max {a Jac A,} and A+x={a+x|ae€ A}. Of course a ,=m—1, 
a ,.;=3a,—1, for n>1, whence a p= 1/2|(2m—3)-3" +1). Also, 
CardA ,,,=(m—1)-2”. 
Each A, has the property of the problem, because for A, is obvious; if it is true for A, , 


+ 


then: for m>4 we have (a,,,—b,)/(m—1)<b,,,—a,,, where b »=min{a |aeA,}; for 
1 
m=3,if x ,¢A, and x ,€A,,,\A, then x, = 505 +2) € An ; for m= 2 we prove there 


are not (x,y) #(z,¢) from 4}, 


such that |x — y| =|z—|m that is 





3° =3'|=|3° = 3 
can suppose 3° — 3° = 3° — 3°; let’s a= min{a,b,c,d}; then d = max {a,b,c,d}; then 
1+3°% = 3°“ 43°, or 1=0(mod3) impossible. 

*The author isn’t able to answer to this question. 








, or we 
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Remarks 
This problem is valid for a non-constant geometrical progression too. (see [1], p.69). 
It is a generalization of the Problem 5, Mathematics International Olympiad, Paris, 


1983; (When m = 3, (m—1)-2" > 1983 and 1/2|(2m—3)-3" +1]<10°). 


References 

[1] F. Smarandache - “Problémes avec et sans...problémes!”, Somipress, Fes, 
Morocco, 1983! 

[2] T. Andreescu & Co. — “Probleme date la concursurile si examenele din 


1983”, Timisoara. 


104. PROPOSED PROBLEM 


Let n be odd and m be even numbers. Consider a number of points inside a convex n - 
gon. Is it possible to connect these points (as well as the vertices of the n -gon) by segments that 
do not cross one another, until the interior is subdivided into smaller disjoint regions that are all 
m -gons and each given point is always a vertex of any m -gon containing it? 

Answer: No. 


Solution 

(after a Honsberger and Klamkin’s idea): against all reason let p be the number of all m 
-gons, and i the number of interior points. 

The sum of the angles of the p smaller m -gons is 7(m— 2) p ; also, the sum of the 


angles of the n vertices of the convex n-gonis 7(m—2). Thus 7(m—2) p =27i+7(n—2) or 


p(m—2)=2i+n-—2, but the right part is even while the left part is odd! 


Remark 
It’s a generalization of [1], and of a problem of [2] 


References 

[1] Problem 4, solution by M.S.Klamkin, 1079 Michigan Mathematics Prize 
Competition, Crux mathematicorum, Vol. 11, No. 1, January, 1985, p.7, Canada. 

[2] Ross Honsberger, Mathematical Gems, Mathematical Associations of America, 
1973, pp. 106, 164. 

[3] R.N. Gaskell, M.S.Klamkin, and P. Watson, Triangulations and Pick’s theorem, 
Math. Magazine, 49(1976), pp. 35-37. 


105. PROPOSED PROBLEM 
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Prove there exist infinity of primes containing the digits a,,q,,...,a,, on positions i,,i,,..., 
respectively i,, with i, >i, >...>i, >0. (Ofcourse, if 7, =0 then a,, must be odd). 


(“Mathematics Magazine”, April 1990) 


Solution 
a) Let 7,, > 0. We construct the number N = a,0...0a,0...0a,0...0a,,0...1 such that 





each a, is on positions 7,, another positions being equal to zero, without the last one equal to 1. 
We construct an arithmetical progression 
x,=N+k-10'", k =1,2,3... 
From Dirichlet’s theorem we find our result. 
b) i,, = 0. Same proof, but on last position of NV we take a, . 


106. PROPOSED PROBLEM 


Let n be a positive integer of two or more digits, not all equal. 
Ranging its digits by decreasing, respectively increasing order, and making their 
difference, one finds another positive number n,. One follows this way, obtaining a series: 


N,,Ny,N3,.... (For example, if n = 56, then n, = 65—56=09, n, = 90—09 = 81, etc.) 
Prove that this series is periodical (i.e., of the form: sales) sesh SO steel fates ). 
[On the Kaprekar’s algorithm. ] 


Solution 

Let m be the number of digits of n,m >2 of course, for all ic N, n, € {125225 10" — i} : 

In this situation, taking 10” numbers of m digits each one (that means 10” numbers of 
the series), it finds at least two equal numbers (from the Dirichlet principle). Let they be n, and 
n, in the series. Since n, =n, and the way to obtain n,,, by means of n,, it involves n,,, =n 


t+1? 


hence n,,, =n,,,, etc. 


42? 


Example 
Let n = 90000. Then 


n, = 90000 — 00009 = 89991 
n, = 99981 — 18999 = 80982 
n, = 99920 — 02889 = 95931 
n, = 99531 —13599 = 85932 
ng = 98532 — 23589 


N, = 97443 — 34479 = 62964 


n, = 96642 — 24669 = 71973 
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ng = 97731 —13779 = 83952 
Ny = 98532 — 23589 474943 | <«— 


ni, = 97443 — 34479 = 62964| <«———— 


Remarks 
For 3 and 4 digits Kaprekar showed that the period length is just one, i.e. the series is 


stationary always equal to 495, respectively 6174. 


Look: 
528, 594, 495, 495, 495, ... 

Respectively 
8031,8172,7443,3996,6264,4176,6174,6174.,... 


Reference 
[1] Pierre Berloquin — “Le jardin du Sphnx” — Bordas, Paris, 1981; Probléme 
37 (L’ Algorithme de Kaprekar), pp. 61, 146. 


107. PROPOSED PROBLEM 


Assume the second degree equation 4x* + Bx + C=0 has the real solution x, 


and x, and a<b<c<d are real numbers. On what terms must the real coefficients A, 


B, C be such that 
a) x, € (a,c) and x, € (b,d) 
b) x, € (b,c) and x, € (a,d). 


Solution 


B 
Let’s note f(x) = Ax’ + Bx+C, A=b°—4AC and S=x,+x ae 


—0o a b Cc d +oo 


I. x, €(a,c), x, € (b,d) 


x, Ay 
Whence it involves the conditions 
(Cl): A>0, Af(a)>0, Af(b) <0, Af(d) >0 
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Il. x, € (b,c), x, € (b,c). 


x} x, 


Whence it involves the conditions 

(C2) A>0, Af(b)>0, Af(c) > 0, 2b<S<2c ; 
Or 

Il. x, € (b,c) x, €(e,d) 


b Cc d 
+} _} + 
x) xX, 


Whence it involves the conditions 
(C3) A>0, Af(b) => 0, Af(c) <0, Af(d) <0; 
Hence A, B, C must accomplish the conditions: (C1)U(C2)U(C3). 


b) 
00 a b c d +00 
[> 
x) 
xX, 


We can have the following cases: 
I. 
4, & (bse) 45E (a3b) 


a b Cc | 
xX, 1 
Whence it involves the conditions 
(K1): A>0, Af(a)>0, Af(b) <0, Af(c) > 0; 


Il. 
x, € (b,c), x, € (b,c) 
b c 
fp 


Whence it involves the conditions : 

(K2): A>0, Af(b) > 0, Af(c) > 0, 2b<S<2c 
Or 

Il. 
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Kj S(b36) 5.x, C(csd) 
b c d 


xy x, 


Whence it involves the conditions: 
(K3): A>0, Af(b)>0, Af(c) <0, Af(d) >0 
Hence A, B, C must accomplish the conditions: 
(K1)U(K2)U(K3) 


108. PROPOSED PROBLEM 


Let n,m € WN and let S be the set of nm-+1 points in space such that any subset of S 
consisting of m-+1 points contains two points with distances less than d (a given positive 
number) 

Prove that there exists a sphere of radius d containing at last n+1 points of S in its 
interior. 

(Nieuw Archief voor Wiskunde”, Vierde Series deel 5, No. 3, November 1987, proposed 
problem No. 797, pp.375-6. 

Particular case (d = 1) in “Crux Mathematicorum’”, Vol. 14, No. 5, May 1988, problem 
1344, p140). 


Solution 
Let 4, be a point in space. We choose an 4, for which |4,4,|> d . If it there isn’t, our 


problem is solved.) 
Afterwards we choose an A, with the same property (|44 i >d, ix j), etc. The method 


ends when we can’t add another point with this property. 
Clearly, we have at most m points A, A,,...,4 oe where | < p <m, with this property. 


Distributing the nm +1 points in p classes corresponding to A,, A,,....4, there exists a sphere 
of radius d and center A, which contains at least n +1 points in interior (Dirichlet principle). 


Remark 
This is a generalization of a problem proposed by prof. Mircea Lascu. 


109. PROPOSED PROBLEM 


How many digits on base b does the n-th prime contain? But n! ? But n”? 
(“PI MU Epsilon Journal”, USA, 1992). 


Solution 
By Paul T. Bateman, University of Illinois at Urbana-Champaign, USA. 
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The number of digits of the number N to the base b is the integral part of 
1+log N /logb. The number of digits of n" is [1+n-logn/logd}. 
The known formula 
n-logn< p, <n-logn(1+6(n)) 
and 
ne" J2nn <nl< n"e" J2an(I + e(n)) . 
Where 6(n) and e(n) are positive quantities which approach zero when n is large, make it 
possible to approximate the number of digits in p, or n! within one unit for large n. 


Reference 
Paul T. Bateman, Letter to the Author, February 8, 1988. 


110. PROPOSED PROBLEM 


Let me N, m>1.Is there a positive integer n having the property: anyhow one chooses n 
integers sum is divided by m ? 


Solution 
No. 
If, against all reason, there would be such 7 then taking the sets A and B of integers: 


ye with s= Sra, 
1 


B= {a, +1,a,,...,4, } with S'=S+1, 
It would result that S— $'=1 is divided by m. 


111. PROPOSED PROBLEM 


Prove that anyhow an infinite arithmetical progression is divided into n sets, at least one 
of the sets contains m arithmetical progressions triplets. 

Is this result still true when n (or m) > co? 
(Nieuw Archief voor Wiskunde”, Vierde Serie Deel 12, No. 2, Maart/Juli 1994, p. 93) 


Solution 

It’s sufficient to take as arithmetical progression N * (see [1], p. 69). One decomposes 
N* in n-m arithmetical under-progressions: 

a, =i+(n-m)h, h=0,1,2,3.... 

for alli € {2335s -m} 

The arbitrary division of N * is equivalent to the arbitrary division of these under- 
progressions. 
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From Van der Waerden’s theorem, if each under-progression a‘” is divided in two sets 
M\ and M$”, at least one contains an arithmetical progression triplet. In all there are n-m_ sets 


which contain each one an arithmetical progression triplet, in the end, these from behind are 
distributive in 1 classes (the box principle) 
*The author is not able to answer this question. 


Remark 
This problem is valid for the geometrical progressions, too (see [1], p.69). 


Reference 
[1] F. Smarandache — “‘Problémes avec et sans...problémes 
Morocco, 1983. 


a 


, Somipress, Fes, 


112. PROPOSED PROBLEM 


n 
Prove that if n >3 then between n and n! there are at least c —2 prime numbers. 


Solution 
a) Let n=2k+1,with k>1. 


nl = 2*-KL3-5+...(2k-1l)n > 2%? -kbn> 2? -n, 


And by Bertrand-Tchebishev’s theorem, applied of 3k —2 times, k = : , we find our result. 





b) The same proof when n = 2k, with k>2. 


113. PROPOSED PROBLEM 

Prove that there exist at least five primes of s digits, s>2. 
Solution 

Because for n > 4 we have that 


s ‘ : ; 3 
between n and rd there exists at least a prime (see [1]), one obtains that between ae 


2 
and = there exists at least a prime ; 


4 5 
between a and =a there exists at least a prime. 


5 
Hence, between n and sn there exists at least five prime numbers (the approximation 


is very gross). 
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5 
Taking n = 10°' we have that between 10°" and —-10°"' we have at least five prime, 
g > 


but 


5 
S10" <0" 


Reference 
[1] I. Cucuruzeanu — “Probleme de aritmetica $i teoria numerelor” — Ed. Tehnica, 
Bucuresti, 1976, pp. 108 (Problema III.48*) and 137-140. 


114. PROPOSED PROBLEM 


Find the n" term of the following sequence: 
1,3,5,7,6,4,2,8,10,12,14,13,11,9,15,17,19,... 
Generalization. 


Solution 
Let y be the following permutation: 


> 1234567 
"peg 7e ao 
Then a,,,,=7k+(r), where 0<r<6,k>0. 


Generalization: 
For any permutation y of m elements: 


be <i 
Y = 
a, a, a,...d,, 


we have a,,,,, =m-k+(r), where 0<r<m—I1,k>0. 


115. PROPOSED PROBLEM 


Find the general term formula for the following sequence: 
1,2,2,3,3,3,4,4,4,4,5,5,5,5,5,0,6,6,6,6,6,7,7,7,7,7,7,7,8,8,8,8,8,8,8,8,... 
(the natural sequence where each number n is repeated n times). 


Solution 
For r >1, we have 


Frersi) =r,where 0<k<r-1. 


2 


116. PROPOSED PROBLEM 
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Find a partition on N” into an infinite number of distinct classes (not all of them finite) 
such that no classes contain an arithmetic progression of three terms. 


Solution 
Let M be the set of all positive integers which are not perfect power: 
M ={2,3,5,6, 7,10, 11, 12,13,14;17, 18,19, 20, 21, 22,...\ 
For any m€ M we define 
a are Ace 
Then: 


N*={I}ULUC, 


meM 
There are an infinite number of classes C 


m? 


because M is infinite and no classes C,, 
contain an arithmetical progression of three terms (or more) — because all C,, are non-constant 


geometric progressions. 


117. PROPOSED PROBLEM 


Let a, a, d,...a,, be digits. 

Are there primes, on a base 6, which contain the group of digits a, a, a,...a,, into its 
writing? 
(For example, if a, =0 and a, =9, b= 10, there are primes as 109, 409, 709, 809,... ) 


*The same questions replacing “primes” by numbers of the form 7! or n”. 


Solution 
Let N =a, a, ...a,1, and the following arithmetical progression: 
KN eb? hk =1,2,3, 02: 
Using Dirichlet’s theorem on primes in arithmetical progression, we find that there exist 
an infinity of primes with the required property. 


*The author is not able to answer this last question.. He conjectures that generally 
speaking the answer is no. 


118. PROPOSED PROBLEM 


Find a natural number N such that, if: 
1)a q," part of it and a, more are taken away; 


2) aq," part of the remainder and a, more are taken away; 
% P 2 - 
3) a q;"" part of the second remainder and a, more are taken away; 


s) aq," part of the remainder and s—1" remainder and a, more are taken away; 
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the last remainder is 7. 


Solution 
One uses a backwards arithmetic way. 
Consider the problem for the particular case s = 3 (only three steps): 











1) 
(a,+7): 4i__n 
Caaeniaa) Grmyaey Gnanrane! _ 
1q," ay q 
10) 
qr 
a,+4)- =1, 
( 2 >) d —] 1 
a SS (by notation) 
Iq, : a, I 
I) 
q 
(4; +4) =F 
= 
lg? a; ie (by notation) 
q,—1 of q;"* 
Therefore: 


N=|a, + 











q; qs q 
a, +(a,+r,)-—3—]-—_|-—.. 
; ( : ) q; j qD 1 q,—1 


One can generalize and prove by induction that: 











119. PROPOSED PROBLEM 


[International Congress of Mathematicians, Berkeley, CA, USA, 1986, Section 3, 
Number Theory] 
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SMARANDACHE, FLORENTIN GH., University of Craiova, Romania. An infinity of 
unsolved problems concerning a function in number theory. 

We have constructed a function 7 which associates to each non-null integer m the 
smallest positive n such that n! is a multiple of m. Let 7 note 7°7°...7 of i times. 

Some Unsolved problems concerning 17. 

1) For each integer m >1 find the smallest k and the constant c for which 7“(m)=c. 


2) Is there a closed expression for 7”? 


3) For a fixed non-null integer m does 7’ divide n—m? 
4) Is 7 an algebraic function? 
5) Is 0.0234537465114..., where the sequence of digits is n°’, n >1, an irrational 


number? 





(1), (+1) (rtm) 9 


6) For a fixed integer m , how many primes have the form 7 
Solve the Diophantine equations and inequalities: 
7) 79” = xn”, for x,y not primes. 


q 7 


8) 79 —y=x/n”, for x,y not primes. 
9) Is 0< {x fy qty x} infinitely often? Where {a} is the fractional part of a. 


10) Find the number of partitions of n as sum of 7”, with 2<m<n. 
By means of 7° we construct recursively an infinity of arithmetic functions and unsolved 
problems. 


*This function has been called THE SMARANDACHE FUNCTION (see “Personal 
Computer World”, “Mathematical Reviews”, “Fibonacci Quarterly”, “Octogon’”, “Mathematical 
Spectrum’, “Elemente der Mathematik”, “Bulletin of Pure and Applied Science”, etc. [Editor ’s 


note. | 
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